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High Order Singular Integrals and Boundary Value
Problems in Clifford Analysis

Abstract

K.T.Vahlen!!! set up Clifford algebra at the begin of last century. It is a kind
of algebraic structure which is associative and incommutable. Clifford analysis is
a branch of mathematics arising in 1970s. It studies theory of function from real
vector space to real incommutable Clifford algebra. It plays an important role in
many fields such as other mathematical branches, theory of fields and quantum
mechanics and so on. Many mathematicians pay much attention to it. Robert
P.Gilbert?, F.Brack, R.Relanghe, F.Sommen®, WenGuochun(¥, LeHuang Song!®,
Huangsha®—!2 and so on did many works through comparing Clifford analysis with
single variable, multiple variables complex analysis function theory. The studies to
Clifford analysis were developed rapidly by the end of last century.

In this paper, we consider high order singular integrals, function properties and
boundary value problems in Clifford analysis. There are eight chapters in this paper.

We discuss high order singular integrals in Clifford analysis from the first chapter
to the third chapter. The integral theory is very important in real analysis, it is not
only the theory base of modern mathematics, but also one of the main tools in math
application. But some practical problems can’t be solved by the normal integral.
It is necessary to consider singular integrals and even high order singular integrals.
Hadamard(!3 defined high order singular integrals by the think of the integral for
finite part in real analysis. For example, we consider the high order singular integral

b f(z)dz _ | | -
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The main idea is to discard the unintegrable part and define the high. order
singular integral by use of the other parts. In paper{14], Lujianke defined directly
high order singular integrals on the closed curve L like this:

j;( /) dt=fL.:f_(th, That is, /L( — )'f(t)dt:/b_(t

i —1p t— 1o

comparing _(t_:T) with (t — ) ,the singularity of the former is lower. Professor
Lu’s theory about I:ili;g;h order sirfgular integrals was approved widely in the field of
mathematics.Moreover, it is used in practical work. By the think of induction, we
use normal integral or weakly-singular integrals to define singular integrals and use
the lower order singular integral to define high order singular integrals. Some results
about high order singular integrals were proved in the document[14][15][16].

Huangsha has discussed three kinds of high order singular integrals in Clifford
analysis. Based on paper[17], by the think of Hadamard principal value of high
order singular integrals and the think of induction,we discuss the inductive defini-
tion, computation formula, properties and Poincaré-Bertrand exchange formula for
high order singular integrals of quasi Bochner-Martinelli- type(in the following, it is
abbreviated quasi B-M type) from the first chapter to the third chapter. We know
integral operator and integral equation play an important role in solving boundary
value problems and differential equations. so the content in this part is significant
in mathematical theory and application.

In the fourth chapter, we discuss the solvability of the second kind integral equa-
tion and the solution expression formula. The integral equation problem is another
important problem in practice. Studying integral equation in Clifford analysis is
blank space yet. Resorting to unit resolution ,M. Spivark gave the definition of
improper integral defined on the manifold in n dimensional real space in bis works
<<Calculus on Manifold>>, it can be found in paper(18]. This definition is the
generalization of real improper integrals in one dimensional space, it permits that
there are many singular points on the manifold. We define improper integrals using
the similar method in Clifford analysis. Robert P. Gilbert introduced definition of
the commutative factor in paper|2}, then he solved partly the incommutable prob-
lem of multiplication in Clifford analysis. Resorting to this idea, we design integral
operator kernel with commutative factor and study the solvability of the second kind
integral equation and series expression formula of solution .

We discuss boundary value problems for the two kinds of functions in the fifth
chapter and the sixth chapter. The regular function in Clifford analysis is similar
with the holomorphic function in single variable complex analysis,its definition was
given firstly in paper{22]. The Cauchy type singular integral and Plemelj formula
about regular function have been studied.In paper [20],the author discussed a spe-

~L )/ (t)dt Here,
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cial boundary value problem for regular function by use of the above results. The
definition of bi regular and generalized bi regular functions in Clifford analysis were
given in paper [19]. Bi regular functions and generalized bi regular functions are
more wider than regular functions. The study to them is a popular branch in the
field of function theory in recent years. Enlightened by paper [21],in this paper,
the boundary value problem with displacement for these two kinds of functions 1s
discussed in the fifth chapter and the sixth chapter. We design integral operator to
study their Cauchy type singular integrals and transform boundary value problems
to integral equation problems. Then, resorting to theory of integral equation and
theory of Schauder fixed point, we prove the existence of solution to boundary value
problems and give integral expression formula of the solution.

Based on paper [23],[24], in the seventh chapter, we discuss the bi regular function
and its Plemelj formula on unbounded domain in Clifford analysis.

In the last chapter, we discuss equivalence conditions and properties of complex
hypermonogenic functions in complex Clifford algebra space A,(C). The base of
complex Clifford algebra space is same with real Clifford algebra space, the differ-
ence is that the coefficient in complex Clifford algebra space is complex number. Real
Clifford analysis is a mathematical branch which studies the function from real vec-
tor space R**! to A,{R). Complex Clifford analysis is a mathematical branch which
studies the function from complex vector space C**! to A,(C). F. Sommen, J. Ryan
and so on did many works about complex Clifford analysis. They proved unchang-
ing property of complex regular functions under a Lie group in complex Clifford
algebra and constructed holomorphic functions by use of complex harmonic func-
tions. Huangsha!®®1?8l127] got sufficient and necessary conditions of complex regular
functions and relation between complex regular functions and complex harmonic
functions. Recently, the real hypermonogenic function in Clifford analysis is one
of the popular topics. People gave many studies to the real hypermonogenic func-
tion in Clifford analysis, and it is the solution to a kind of differential equation in
Clifford analysis. H type solution is the vector-valued hypermonogenic function.
W. Hengartner and H. Lentwiler studied hypermonogenic functions in R>. So, the
theory of function in Clifford analysis was rapidly improved. H.Leutwiler studied H
type solution in paper{28][{29}[30]. So, hypermonogenic functions have more concrete
expression . In the eighth chapter, we give equivalence conditions between complex
regular functions and hypermonogenic functions in complex Clifford analysis. These
conditions are similar with C-R condition of holomorphic functions in single vari-
able complex analysis . In addition, we give the relations between H type solution
and complex hypermonogenic functions. It is proved in theorem8.3 and 8.4. These
results are significant to study further function properties.
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10 fiE%.  Clifford 4P BB & B R F0A
b
(Z —92f(z,y), _l-n r &Ff(zy) A2 f(z,y)
o |z — ytite dog=——V | iz — y|1ﬁH—m—-2t—1d‘gr“’*'U 0z — y|n+a-—2i—1d03’
(2.4)
(z — y)*f(z,y) 1-n A f(=z,y) AL f (2, Y)
/ I:I: —_ y|ﬂ+3+n dog = o v |$ — y|n+u—2l- doy + v QO Iz - y|n+a__2;_1d(gzz)
2.9

/[ (E — 5)2 _ ('I '_ y)2 ]f(a:,y)da, — U'/n Afi:(ag —' Si)f(f’?:y) dﬂm, (26)

Qlr —yjrtite |z — y|ri3ta 7 — y[nra—2i-1
Mit v = g, 4 MBIE 2.1 B
e MAEX 12,5821, %

f (z -9 (=),

|z - yl“+3+“ "’

_ n-1+0~')/ f(z,y)dos 1 /[(m—y)+(fv—:v)] %:1(2y) .
n+l+a |a:—y|"+1+“ n+1l+alo |z — y|ntite
— —(ﬂ -1+ G.’) f(xn y) o. + 1 (3_: “ g)amf(xr y) dO'z

n+l+a Jalz—ypptite ™  ntl4ala |z—y[rtite

1 —
. / (= ~9)o:flz,y) ,
n+l+ala |z-—yrtite
_ —n—-1+a)p / Ay o B A (%S (=)
n+l+a alojz—yrte-2-17°  pyltala|r—yrre-d-1777

T AT f(z,y)
n+ 1+ alja |z — y|rte-2-1

+ do,

-'.'B



hER i X 11

—~(n-1) /' Al f(z,y)
a (n+ 1 + a) Jo |z — y|rre-2-]

do,

i
LB [ AMEf@Y)
n+1+alalz—yrte2-1

—
wlgy——

n-—l) flA‘"‘"fmy) don + /|A’ (82/(=,9)

T — ylrto-2-1 y|nto—2- —ydo

Ky = +’f+a (2.4) RBIE. B0, FASZX 1.3, 3IE 2.1, A8 (25) K. &

(2.4),(2.5) A1IH

/[ z-9°  (z—yp) ]f(a:,y)dam

L [EopEyde - ¥)*f (2, y)do,

|

l-n_ 85 f(z,y)do, / Az (8 f (2, y))do,

o v 0 Ix — y'ﬂ+ﬂ-21—l 0 Ix — y]ﬂ-{-’ﬂ—m'—l

n—1 AL f(z,y)dos U/ Al (82 f(z,y))do,

i 8 v 9. |$ — ylﬂ-}-{l—m—-l N '3_‘; —_— ylﬂ‘l’ﬂ.—-m—l

. AL(E = ) f(2,y)

':L. _ y|n+a-—21—~ do,

(2.6) RB\IE. LEE .
17 3 (2k+-2) (n—2—r)ll
S22 R J(oy) € KO0, veh M= o k- 1
0<r <2 MTARHNARBIFEHAETURAUTARGNR

f - d T Agamf y d I
I;_y) ;+2k?i)2 (: Al[ ( Iz __(:;If-—)z J_’ (2.7)
f(-'r, y)(z - y)d z &"Bmf (%,9))dos



L2 REX.  Clifford A BB & RS FEA
flz,y)dos (AF*H f(z, y))dam
/ > — y|nt2kt2-r 2k + 1 -—'r,[ |z — y[n—r (2.9)

~ (2k+2) (n-2-r)!
2222 # flz,y) € H*P(B),y € B0sT <20 = (n+2k+2—7)(2k—1-r)l

T H R4 SR FEHFATUAUTAXTH

( — §)2f(z,y)dos 1—n Af Ai’i'lf(ﬂ;‘}y)dgz N Az] Ag@gf(:r,y)ddx
2 0N

a |z—yrtkror 2kt l—r da |z—ylrT jz =y~
(2.10)
(z-9)f(z,y)do= _ _1—n A"“f(m Ydo. [ DsOf(z,y)do,
Q |$ - yl"”’”“‘" 2k+1—r |z — y[nr |z — In r
(2.11)
(z—9)° (z — y)? B AR(§2 — 32) f(z,9)
(2.12)

if8g 7 (24) KP4 a=2k+1 -1l =k,

(@ — 20 — 2)N(n + o — 20 — 3)!!
(@—2)M(n+1+a)

1} =

(n+a-—20-3)!
(n+1+ o) a-2)(a—-4)..(a—2])

I

(n+2k+1—-r—-2k-3)!
(n+2k+2—rM2k+1—-r-2)2k+1~-7r—-4)...2k+1 -7 — 2k)

(n—2—7)!
(n+2k+2-rM2k-1-7)(2k-3—-7)...(1 — 1)

B (n -2 —r)!! _ )
T (m+2k+2—-mMk—1-n)t ~ 7
X
(z-9)f(z,y)do. __1-m f Az f(z,y)do, | / A30;f (z,y)do,
0 |z —yrtEH-r T 2k 1—7""Ja |z -y *Jo Jz—yprr

(2.10) RABIE. FPUENHE (2.11) &, & (2.10),(2.11) Ka[H



cp B P A3 -k X 13

_/5‘1 [\3; _EZ\:+€1+4—1- — |z ,E:;l:leﬂ_r] f(z,y)do,

(z — )2 (z —y)?
= /ﬂ 7 = y[““'%‘"“—"f(m’ y)do, — /n Iz — y|ﬂ+2k+4_rf(m,y)da:

n—1 /\/'A"“f:ry)do A/A*E??f z,y)do,
2k +1—r |z — yln-r |z —y|nT

— k+1 k
L 1 A/A fxy)da_/\/ﬁyfxygdam
2k+1—'!‘ |x_y,ﬂf lm_ylﬂr

.T.r!

Ag(02 — 92)f(z,y)
Az / |z — y|»-r

(2.12) RXB/IE. T .
W21 # f(z,y): R® = A, 3#H f(z,y) € H>*(By, B2) , ZRHB 2 584

/‘ (z~9)*f(z,9) ,

|z —yl

W ZEEE 2285 (211) KPS n=2 a=1 A

:B

I‘I

@—9)flz,y), —-11 [ Alf(z,y) 1 1 A2 f(z, y)
an |z -yl M”_Tﬁ/rz |z —y] daﬁﬁf |z — y|

§2.2 F—IHRNH B-M HgH#RRSHEHEI AR

518 2.3 & f(z,y) € H™Z42m)(8 £) 0< B <1,i=120<r<2 A
F5iE 2.2 Fil, R

f(z,y)(Z — §)do, Oy + O; ’“A"a L f do,
3m Q |z — y[rtokt2-r ’\1/ ! |)$_ y[nr 2, y)ldo (2.13)
m f( :y)( T da:l: 3 +3 '“A"GI y d T
% [ e = [ (G LE e g



14 FEX:  Clifford P EEY & R R R (K06

_ flz,y)do. [0y + 8:)" Az f(z,y)]dos
% / lz — 2k+l—r/ (2.15)

ln-|-2k+'2 r I:E_ 1n—-

M 2.3 & f(z,y) € HM+2+2mi(g 83 0< fi<1,i=1,20<r <2, A
FISIE 2.2 FFk, X, FIEHE 2.2 R, W

am/ (:L‘— 2f($ y dg:r

‘:B - |n+2k+4—r

1 —n (0y + 0:)™ A f(z,y) (Oy + 8:)" D302 f (z, )
= A y z " do, + A L L2 do,
(2k +1—7) 2./;1 |z — y|* " Oz T 2./11 |z — y|" T 7
(2.16)

m m_y)zfdgx
% /I:I:

yln+2k+4 T

_ 1—n (0, + am)mAiﬂf(;c, ) (8, + az)mﬁﬁgg (z, y)
B (2k +1 — 'r) [ lx _ yln—r dog + A .[ﬂ ':l: ~ yl“"‘ do,,
(2.17)
m (:E B 5)2 (x — y)2
ay _/5; [|$ — y!n+2k+4—r - |.’L‘ - ylﬂ+2k+4_r (:B: y)do'z
(2.18)

), [ Bt 8aNE - B (),

lz — yin 7

iFBd WX 1.2, 5|# 2.3, 8

(Z — 9)*f(z, y)do,

0 lw — yln+2k+4-—r

9’



_ PEEE AR R 15

|

~(n+2k—1) , m/ flz,y)do,
|z —

n+2k+2-—r7 y|nt2k+2-r
+ 1 am/ [(f '"" g) + (I — y)lamf(xs y)dO'
n+2k+2—-1rY Jo |ZL' — y‘n+2k+2—r
T n+2k+2—r1 ¥ Ja|z—y|rtEeT  n4 2%k +2—1 Y Jo |z —yjrike2or 8
1 m [ (T —Y)0:f(2,¥)
+n+2k+2_raﬂ f l:r:—yl“”"” r dO'
_ —n+2k-1) / fz,y)dos 1 3m/ Oaf (2, y))(Z—7) ,
n+2k+2-—~r % |z — y[rt2k+2-r T n+ 2k +2—7 ¥ Jo |z — y[ntEEtr T

L am [ (0= f (2, y))(z — y)
n+2k+2—r1 Y |z — ynt2k+2-r

+ do,

—(n + 2k — 'r)/\ f [(8, + 8:)"AXL f(z, y)]do,
2%k+1—7 ‘o |z — yjnr

+/\2/ [(ay + aﬁ)mA:taz?f(m: y)]dax

13: — y‘n—r

[(8y + Bs)™ AT f(z, y)]dos
+a [ T

1—n . / (8, + 8, AXH f(z,y)]do
@Ck+1—-1)"" |z — y|nr

[(8y + 8:)"ALD: f(x, y)ldo,
“ﬁf |z —yl*r

(2.16) RBIE. Aehisez X 1.3, 31E 2.3, T& (2.17) K.
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B (2.16) X, (2.17) &K, )E% ( )2
m (:E — Y r—Yy
oy | {Iw s y|n+2k+4_r] f(z,y)do-

i

m [ =0 @Y _om (x-y)2fzyd%
% f]x f

|n+2k+4 r |n+2k+4 r

i

1-n / [(By + =)™ AL f(z, y)ldos
(n+2k+2-r)2k+1-71)"" Jo iz — yn T

Ly, [ B0 A R o,

n+2k+2-r1 |z — y|nT

do,

1—-n Al / y + 0x)" AR f(z, )
T (n+24+2-1)2k+1~71) \z — yln-T

m Ak A2
1 A f (6y+81') Aza;nf('rry)
1

— do,
n+2k+2—r : i:r.__ylﬂ.—r

LAY U AL D)

doz,
|z —y[*r

lgp——
i

(2.18) XBIE.

B [17) &
3 2.4 ® f(z,y) € H™Z+2mi(B 8),0< Bi<1,i=1,2. 0<r<2, X\
FEIE 2.2 BB, W
3 Ym Ak
5m f(a:,y)(x deI = ) f (6 +a:c) &zamf(xay)]dam (2'19)

Y 0 Ix - ’ +2k"|"2 r |$ . y]ﬂr*f s

0 ’z —_ |ﬂ-+2k+2 T ]x . yln_f

2 N \m A k+1 g
am / - f(:r y) dam _ A f [(ay:+a$) ALY f(a,y)ldox 2,21

o




ch Rl RhE S W BB 3 17

#m 2.4 @ f(z,y) € Hm2A2m)(8, 8,),0< ;< 1,i=120<r <24, A2
Bl 2.3 R, W

531/;1 (:E = g)zf(xay)dgm

lx — y ln+2k+4—-r

1-mn (6, + 0;)m AL f
(2k+1—r) Ag'/i’l |z — y|?— dds (2.22)

gm (:‘L‘ - y)2fdgz
y Q l$ — y|n+2k+3—r

do, (2.23)

__2-n f(a}+5$)mg+1f
(2k+1-7)"Ja |z—y|~-ir

(0, + O,)" ARG f

R |z—yptoT

+Ag do.,

o [ [ ey Clat) M PP

y z — yln+2k+3-—r - ll' _ yln+2k+3-r
(2.24)

——
—

1 (Oy + 8z)"AZ(0; — 92)f
n+2k+1 —T}\l];] Ix._yln-—l—r ~do,.

{8 X 1.2 8@ 24, 4
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FFEX: Clifford i P BB & R R0 (M E K

5;” ./;1 (Z — 7)* f(z,y)dos

!:II . yin+2k+4-—r

(n+2k——-r) m/‘ flz,y)dos
n+2k+2—r ¥ Jolzg—y|rtitior

1 am L [(fﬁ T ?) + (:E — y)]amf(:r’! y)d’gz

n+2k+2~1r 9 (3: _— yln+2k+2—r

+

(n+2k—r) m/ flz,y)dos 1
|z —

+
n+2k+1—7r" y|nt2kt2-r © p 4 2k 421 Y

N L {CX)
n+2k+2—r ¥ Jo |x— ylrtokizor

+ do,

oy [

~(n+2k—-r) 3”‘[ flz,y)do, 1
n+2k+1—r"Y Jolz—ynt2kt2-r  n+2k+2-71

+

do,

1 o / (0:f(z,9))(z —v)

n+2k+2—r |z — y{n+2kt+2-r

S;TL(

z - §)0:f(z,y) do.

'il? _— y]n+2k+2+—r

azf(x: y))(f '”_ 37)

n+2k+2—-r2k+1-rJa |z — y|?-

1 [(59 + 52:)"1&23:21'(3:: y)]do'm
+n+2k+2 —r/\l./g;

|z =yl
TS S [ + 8,)" Ak f(z, y)\do,
n+2k+2—T Ix_..ylﬂ—f'

1—n \ / (8, + 0,)" Ak f(z, y)]ldo
(2%k+2-7)"" [z — y|n-r

m Ak Q2
A/ 8, + 0, )" AXE2 f(x,y)]do,

2=y ’

~(n+2k-7) A f [(8, + 8:)™ A f(z, y)]do,

[z — y[ntokee—r do,



R S R X 19

(2.22) RABIE. Ak X 1.3, 31H 24, TH (2.23) .
W (2.22) &, (2.23) XTH

0y -/S"I[I"E .__:zl:gz—a_r e __(ﬂ;;glia-r]fd%
= o L Iz E_y_lﬂ:{a_r do, — O alz ExyT +z)):{3 Fdog
T (n+2k+ 12—-:';1(23: +1-— r)/\l L (5!1:?;);531‘;:1-"(1%
o @]: fﬂj;ﬁ%?:fd"”
2—n (O, + O;) AL f do.

T+ 2%+1-n@k+1-1)"Ja |z—yrtT

. 1 (O, + 8:)"ALOf
n+2k+1—-r"Ja |z—y~ i

do,

= A \mAk(a2 A
_ Azf (0y + 0:)"AZ(02 — G5)f

':E — yln——l—r

do,,

(2.24) KBIE. EEE .

317 2.5 & f(z,y) € HMIZ42m) (B 01 0< 8 <1,i=1,2.0<7r<2,A, Ay
R 2.3 iR, W

A f(z,y)(Z — §)dos _ [(Gy + 8z)™(8y + 85 )P A30: f (2, y)]do
maﬁfn |z — yjnt2+2-r )‘lf |z — yl»—r , (2:25)

(2.26)

f(z,y)(z — y)dog [(8y + 8=)™(3, + 8:)PAR0, f(z, y)]do
amap lx yl n+2k+2-r )‘ _[ yix_ yln—r



20 FEX: Clifford ¥R EHR RS0 &5

fodos M [ 1B+ 8™, + 8P A (z,y)ldos
65./ |z — /1:1

|n+2k+2—r — 2%k +1—71 I:L- - yln —T

(2.27)

ER 25 # f(a:,y) € H(m+2k+2’m)(ﬁ1,,82),0 < ﬁ,‘ < 1,1 = i,2. 0<r< 2, M
318 2.2 prig, W

ap/ T — )2f$ydo-m

I:I: — |ﬂ+2k+4 T

do, (2.28)

p——

1-n_ / (8 + 8:)™(8, + 8:)P ALY f(3,y)
2k+1=7r)" iz — g

3 3 k52
+A2/Q(a”+ 2)™ Oy + 0:)P A0 f(2,y) ,

jx — ylr-r

I?

z —-y)*f(z,y)
3”/ | do,

T — lﬂ+2k+4 r
_ __1—nm By +0:)™(0y + Ou )P AL f(z,)
(2k+1—-71) Az n T — y|n-T Oz (2.29)
+)\2/ (3 +0:)™(9, + O )TA f(-'”: y)daz,
@ |z — y|r-T
amop k) N C k) SR PV
/ |z — y|rrEAT | — y|n+2k+4ur]f z,y)do,

(2.30)

=y [ Bt 0O+ 2PONE - B (1)

':L' —yl" r dﬂ'z.

Y meEX 1.2, 518 25, %
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5m 5P f z - y)2f T, Y)do,

|n+2k+4 r

—(n+2k—r17)
n+2k+2—r

|

n+2k+2—r

m (z,9)
39'35/[3:— ” do.

do,

N 1 5map/n (Z - 9)+ (z - )]3xf(-’b‘ y)

(Oy + 8:)P ALY f(,y)]do,

Il
N
3
+
b
o5

|
-y
_”
S—
RS>
+
S
“"é’

2k+1—r 0 I:n—y]““‘

+Ag f (0, + 8:)™(8y + 8,)P;0; f (=, y)]do

I:r — y‘ﬂ—r

+A2/ [(551 + gm)m(ay + az)pA$+lf($, 'y)]dam

I:B — ylnmr

.’I

1—n Oy + 8:)™(8, + 8, )PA* f(z Y) o
(2k+1—r)/\2/ |z — yln—r

Y 3 \m P AkQ2
1, [ Gut DOy + 000802 ar0),

iz —y[r-r "

(2.28) RMBE.
Rfolip X 1.3, 5138 2.5, 6[E (2.29) =

i (2.28) R, (2.29) KRB

am (f - 5)2 ('I - y)2
y ag./n [[3; — y|'ﬂ+2k+4—f o '33 —_ y|ﬂ+2k+4-—r f(ﬂ.';, y)dam



22 FEX:. Clifford 44 B SRR LA H G

{

(z—9)°f smap [ (=) (2. Y)
8"[ |I dO’m "“69, (:?pf dgm

| n+2k+4-r jx_ |n—l—2k+4 r

1—n / (B, + 0z)™(8y + 0:)PALY f(2,9)

do,
(n+2k+4~-r)(2k+1~71) |z — y|* T

o [ Bt B DY AT,

|z —y[*r

Lon (B, + 8,)™(8, + B, )P A+ f(z, 1)

_ do,
(2k+1-7) |z — ylr1r iy

do,

(8, + 8:)™ (8, + 8 )PARGE f(x, y)
_Azfn

|z — yl*r

Ay /ﬂ (8, + 0;)™(8y + D, )PAR(82 — 02) f(z,y)

do,
|z -yl ’

(2.30) RABIE.  EE .

B3 [17] &
5138 2.6 ® f(z,y) € H™H2M(B),5,), 0< B <1, i=12, t,,5, €Q.0<
r<2 A FZIHE 2.2 g, W

f (z,t2)(Z — £,)dos (O, ARD, f(z,t2)]do,
1 tﬂ I:B _ t]_("’+2k+2— A / (:L‘ — t1|n - 3 (231)
5m P f (z,t2)(z — t)do, - /' (O™ 8E A%, f(z,t,))do (2.32)
ty itz |$_t1|n+2k+2 r |$_t1|n r ’ '
o flz,t2)do, A1 (0738, AR f(z, tg)]dﬂ'_r
%, f |z — t |22 2k 41—y ./ﬂ |z — |- (2.33)

T 2.6 % f(z,y) € HMHH2m(g 8, 0 <Bi< 1, i=1,2, t,te0. 0 <r<
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(£ — 1) f(x,t2)

0y, 6 q [T — £ [rrok+aT

)12(1*—"”;)
2k+1 -1 Ja

T

amah AR f(z,¢ 2) Y / ool Akfﬂ f(z, 1)

I.TL' —_ t1|ﬂ'—

g tz/ (z — )% f(z, tz)da

.’L‘ — tl |ﬂ.+2k+4 r

)\2(1 - ﬂl

2k +1 —r Ja

o, [, |

5;“852 Aj:::(ag B 5:%)1‘.(:5: t?)

T

|$ — tlln—r

(.’f —_ 51)2 _ (.’L‘ — t1)2

BEN @), ), [ BEAEI @),

|z — ¢ [nHekta=r g gy R 2ktdr

do,.

1

,.’L‘ — £t ln—r

iF8 e 2.2, 3]8 1.1, 5| 1.2, &

T —1t)°f(z,t2)

do,

8{’;‘3{/ 'm-__tlfn+2k+4 r

’fﬂ‘—tlin T o

] Hz,y)do,

/ ARG f(z,t,) dc:rm)

'3? - tll"’_'

P AR f(z,t5)do,

1 —n AR+ f(z,t5)doy,
atl ‘2 (2k 1—1‘/\2.[9 |1L'——t1’" r + A
AQ(]‘ B n) am af2af:+1f($zt2)dam m
2k +1 ra“ 0 |z — & | + X0, /;z |z — £y |n-r

(2.35)

(2.36)



24 FEX. Clifford 3 @B ar R RS FA EEE

A2(1 —m) 5?,1/ (08, AR+ f(z, t5)](z ~ t1)(n — )

do
2%k+1—r Iz — t[nt2-T *

smo1 [ [0BA502f (2, )|(z — t1)(n — 1)
+)‘26¢1 l /ﬂ : |$ — t1|n+2--r dos

Ag(]. “-'ﬂ) 5m_1f 6"’Ak+1f(:r tz) Aggf‘"lf Ak62f(x tg)
t 0 1

I

2k+1—7r |.’B—'t1|"r 0 |.’E—t1|"'r
. m k+1 m ka? ¢
_ M(l—mn) omaE Akt f(z, tz)dox A / oo AXOE f(z, 2)dam,
2k+1—r |.’L‘“t1|“"r .’L‘-—t1|ﬂ r

(2.34) ABHE. #SM:HQ e 2.2, 58 1.1, 51# 1.2, 7§ (2.35) &

1 (2.34) &, (2.35) RAB

m T~ {1)2 (IL’ —1 )
a b af?f |:'$ _ t1]n+2k+4 r 13: _ t1|n+2k+4 r] f(.'L' y)da‘“

Am (Z-1)? (x — t)*
= atl atpz 0 lx _ t1|ﬂ+2k+4—l‘ f(o?:: y)dom tl 6{; / |:r tl |n+2k+4—-rf(:r’ y)dgm
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i OF O s Q MeERtE. 2 Q08 O wenssg D, DY, D REn. H
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11+1 Rﬂﬁﬂf yg

T afnta-2 —1) b = e

da, (3.1)

L2+1_ ¢(zy)
H2 Ay |y_t;n!+1+a

+ﬁ(n +)8 o 2!2 —_ 1) QT Iz —_ ylﬂ"i-ﬁ—?h—] Jy'
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/ fy t|ﬂ+2kl+2 f'llx —_— y|n+2k;+2 o do-y
(3.3)

ka+41 v
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p(z,y) I
Q |y — t[mt2hit2-ri|gp — gy|nt2ki+2-n y

(3.4)
k1 I T,
B Ay Hh:qﬂ'fk’f%::f A:'J’lm__t—,rﬂ(ﬂ%ﬁ
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94 Iy — t!ﬂ-i-?-*r 0 I;L' — yln——h y

- ./ [/ ly — t|"+2'f'|?_ {nhhday] do,

s /ﬂ [ /ﬂ | B,0(z,y)(Z ~ §) + By(z, y)(z — y)d%] oo

|$ — y]n+2-—h]y _ tlﬂ.—f

[ . B (P_(__ﬂl(_!!hl + 8 I—§
_ I\ |z y]n+2— y|n+2— ~ QG(E.‘J y)
A5 /Q /ﬂ t —dJy do, / [ d Jy] do,

ne |y — tnt2-r|g — yl n—h

B

&mﬁa(xn :t/) (Am + a:rgy + aygm)(»a(x: y)
o U iy D] oo | S e

(3.15)



40 FEX. Clifford AP EHHFRRS RN EEIE

I8 EEEAAT, MESIE 1L, 31E 1.2, f51E 3.1 R

1 p(,y)dos
/ﬂ [y — 2T Ja |z —yinh “

e(z,y)
c?‘”lﬂc-— y|- "d%] y

2(1-1').[ ly-—-t!"+2 r [

2(1 _T)/. ly — t;n+2—r [/ 31;{;9’*2(3/) dﬁz] y

— y 0y¢(2, ) o(z,y)(z —y)(n — h)
2(1 _T)/ ly ~ t;n-i-?-— [ |z ~ - “n 0z + / |z ~ y[nr2-h d‘%] day
yso:r,y) wry Nz - g)(n~h)
2(1 - ) [ ly — t‘"+2 " [ Iz — y|" whd |z — y|nt2-h dgt] doy

I

1 —T) ./ |y _Ht‘n+2 —r [ |;f(.:| zi)h d‘jﬂ] doy

1 ~T) .[ ly ~ t\ﬂ+2 r { |g;yf(;:\nyld"x] do,

¢(z,y)(@ — §)(n — k)
lﬂ-r)/ \y-—t\“”* [ |z — y[mr2-h d"fr] do,

I

2(1 - '*'”) f - ?‘)}y —~ ¢ U o (]xyf ;\ny)h)d"’m] do,

1 — 1) / ly ___tl‘n+2—r [ ';f(;' %lda ] do,

p(z,y)(z —y)(n—h)
1 —7) / y — t\n+2~r [ iz — y|ri2-h dgw] doy
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Oy (2, y)
st b LR e do

B p(z, y) ]
dog| do
2(1 — 'r .[ ly — t|ﬂ+2—' ‘: 0 lm —_ y|n—h y

|

1 1 Aytp(:’l’}, y)
do.do
2(1 — ) /;z (n—r)ly—t*rJajr -y~ TzG0y

Oyp(x, y)(Z — 7)(n — h)
1—-?‘)// (’!1 dcrzday

~ )y — t* |z — yjrrEh

) I(,O:I: y)d d
1‘_7')/- n—‘,"|y-—t|“" f ylx—y, —ho- o-y

1 1 Ayplz, y)
do,do
) N omr e e

Oyp(z,y)(z —y)(n—h)
1—-7‘)[./ y iz — y[nt2h —dogdoy

1 ! 2 (9;:(,0(:1:, y)
+2(1 — 1) fn (n—r)ly—tnr [/Q Oy (n—r1)ly -t~z — y|~h

I

! 1 Ap(z,y)
21 ~r)(n—r) ./s; ly — tjn—r [ QT — y’n—-hd -’*-‘] doy,

)dam] do,

1 1 Oy, y)(& — §)(n — h) J] J
+2(1 —r)(n—r)/n ly — ¢jn—r [/;; |z — ylnt2-h do| doy,

ayémQO(IB,y)
+2(]_ — T)(ﬂ- —_ r) -/I; Iy - t'ﬂ-—-r 0 lm _ y,ﬂ—h doa:d{)'y
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FEX:  Clifford b BB E R RS FA (EE)E

i

1 /’ i
= Nm =7 Jaly =t Ja Jo -y

Sep(z,Y)(E =D =h)

20— r;(n -5 b=t = = g

1 1 Ayp(z,y) g
201 —r)(n—r)Ja |y~ a |z -yl

1 Oz, y)c—y)n—h), |
+2(1 —-—r;(n-—-r)/ﬂ ly — t|* T I:./;; £ |xy__. y|n+y2h—h d -’ﬂ] doy

8,0, 0(z, y)

do doy

1 1 31:(,0(117, y)(:z: - y)(n — h) o’
+2(1 —-r)n—-r) fn ly — t|m-r /n [z — y|n+e-h dogdoy

As / U [y__,t(:f'i_y)ylﬂ hday] do,

0: 0y (7, )
+2(1 _ r;('n —7) /;1 T [ o Ta e—(pyixﬂ—g‘ doz] do,

0y p(z,
l—r) ——r),/[ ly_t|ﬂf;$_yy,n_da]d0'm

L 1 A:p(z, y)
+2(1 —_ 'r)('n, - :r) ./ﬂ \y — t‘n—r [ o \:B - y‘n-hdax] dO'y

1 1 0:0,¢(z,y)
+2(1 - r)(n - ) .[ﬂ ly — t,n-r [ a Ix _ yln_h dﬁm] do,

1 0,8:¢(z,y)
+2(1 —r}{n—r) ./s'-z [ aly— tTn—rl:L. _y[nh

dory] do

z Y

1
+2(1 - ?‘)(n - 'r) ,/;; Iy - t'n—r [ Q I‘T _ y]n_h
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I

ALACIY ) N BN [ 0:0,¢(z, y) do]daz
Ao f U ly— ¢|*T|z — yh J”] % Bfn Lly—tl""lw—ylﬂ"" v

_Mﬁ./- [[ ly —ilfm'ﬁ;—yzl“ hd%] doz + Aﬁfn

A [ [/ . Ay + Az)p(z, y) day] d"”)‘“/n U (5z5y+5y5m)<ﬂ($,y)d%] do. .

— tln r,x — y]n —h

BfAEx 31,58 1.1, 5|8 1.2 1 LATH

|

w(z,y)
/[ (y--ltl"’”r2 "z — gyl "‘dgy] -

A [ [z - ylﬂTﬂ {rar “’“”] ot . [fn

1 —r1)ly — tjnt2r

/‘ (ﬂ”f)gy |zi(:|f?) )da
a [Jar 2( v

+/ [m Iy-tl“”ifz)— y|"- "d%] b

- DR
11-—?')./ ./nf |

]y —_— t|ﬂ+2—r

Oyl dog

z,y){z— y)(n h)

1 (¥ —1) 2 z—y[n+a-F -
+2(1 —7) /n {/nt ly — t|r+2-T doy

2(1 ~r) /n [/s;t |y — tnt2-r dJyJ dos

[ Azp(z,y)
ly — t[* Tl -yl

o ly — ¢z -y

oz, y)
= |y —tjrr2 Tz —ypnoh

dam-l_/n[/n ~ 5 %

¢ 2(1 = r)fy — ¢t

do

dcry] do,

dcry] do,

dayJ do,
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Il

plz,y)(E-F)(n—h)
n 1 f f (y - ) lz— y]nﬂ dO'y do‘I
2(1 —r) Ja |Ja |y — t|nt2-T

“J Um Iy—tl"*?ilf:)— ™ hd"”] o

0y (244)
11-—r).£z /;1 -

dos

(z,y)(z— y)(ﬂ~h)
; = do, | dog

3 (e@y)E—F)(n—h)
( |z—-yint2-h ) day\ do.

_|_
B
—
[
’ p—t
‘q.!
 —
S
.-
S
—_—
;3 o
I
b |
—
L
|
=
o |
|
1

1 Ay‘»o(x y) gyﬁo(ﬂ:: y) (T — ?)(n — h)
21 —r)(n —r) /;1 [ at |y — | — yln—h + at |z — y|rt2-hly — ¢in-r

doy] do,

B, ()
- d A / / z—y|® ]
0t |y —_ t'ﬂ—r Jy:] do—;t: + 5 0 ot ’y _ t|""_ dgy} dJ

1 AF(P(:E::U)
+2(1 _— T)(ﬂ, —_— f“) ,/(.} [ 0t 'y — tlﬂwrlx _ y’ﬂ-—hday dO'I
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,0(z,y)(x = y)(n — h)
NG [fm = gy d"*’] s

o(z,y)
doy| do,
+/ {m Iy—-tl"‘*2 "z -yl h J”] 0
= / Uﬂ*ly-—ti“ Tz *yl“ "dgy] dgﬁ&fﬂ Uﬂ* 2 — gy — g Y

“f[m By0(3, ) (z — ¥) dg] m“f{fm <ﬂf—y”ﬁn%f*‘%)d%}d%

o —y[rt2-hly — giner ly — ¢

+s / [ j; | (wfﬁ'“iﬁ‘y’g)d@] do, + [n [ p(z,9) doy] do,

)y — t)n—r 0z ly — t|n+2—r]$ . y}n—~h

I

Ayp(z,y) Ayp(2,Y)
/\6_/5; [_/I-]t |y —_ tln r|$ yl n—h dgy] dO’;;;‘F/\s/- [nw fy — tln-—-r|x . y‘nhhday Aoz

+’\/Vﬂt Oy (z, ¥)(Z — 9) jday]d%“&/[ O,0(z,y)(z — ) day]dgr

|.’I‘ — lﬂ+2 hiy — t] t ':L’ —_ y)n+2--hiy _ t)n—r
agestssn B geslset)
s | [/ﬂ e doy | do [ 1] = oy | do
o(z,y) Ayp(z,y)
+f [ Q: |T — yl“ —hly — ¢|n+2-r dgy] 4oz = Aﬁ/ [ﬂ* ly — t|* Tz — y|nh “40y| 40>

= e i Do dort | g |
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5 EX.  Clifford AT EB & R RS FHA (A8

|

I}

W!-’F FJ(W‘“D?
—yfrte-

ygoxy);c—y) day]dam+/\5[ﬂ{/m |y—t("" e:ia::ry]d{:rI

A
e n ot |z — yjr by — T
J qo(I
(- y:ﬂ+= / w(z,y) 1o\ do
+/\ / ly — tlﬂ_ do-y dJI + - [ () lﬂ;‘ _ yln_hly . tln‘+2_r Y A
“/\ﬁ - n—h n—r n—h
oz |y — t[" Tz — gy — t|" Tz — y|

—As

:::‘P z y) ]
do. | do
|y.—t"ﬂ- T|$ _y;ﬂ h y T

]
[ Ayp(, y) dgy] dog + A fn [ /ﬂ " B29(z, ) day} do,
Al
L7

(A, + Ag)p(z, y) N do 8,0(z,)(Z — §) J]
./ { ‘y—t'n rl;c--y‘ —hd y]d m+)\5/;; [ o {:r—-yl“”"‘(y—tl“-fd v| doz

_ o ?(I,ulﬂ(fgul
Byp(2,y)(z — y) dgy] dos + Mg / [ /‘ y(Goyprr) d%} io
{1 1t

at |z — y|rt2-hly — ¢n- y — t[n-

'y — tln—r = ,x — yl“"h|y — t,n+2—r

Ayp(z,y) day] 40 — Ae fﬁ [ Azp(z,y) day] 4o

o ly — "l — y[nh = [y — "]z — y|nh

A

+s / [ /Q | 0 (%@)d%} do, + fn [ Pz, ) dcry] do,
|
|

Azp(z,y) ]
do, | do,
ot |y — "z — yjnoh

(Ay + Az)p(z, )
A
ﬁ/n [ o Ty — (rfz — y|rh | 9
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51:90(33: y)(Z —7) ]
do, | do,
[, U Tty = e %

y(@ T UNT Y

3yga(:r,y)(:1:-——y) A 0 lz—y|™+*" )do d
+A5/ﬂ[ﬂ* o = ylie-hly = g 0] 40 5/0 /ﬂ =t

+A[ [gy(ﬁlifﬁnftﬁ )da do +/ #(z,y) do,| do
o o T e 0 D o e Ty — g 4

(Ag + Ay)p(z,y) o Az o(z,y) J} ;
e [ S S| | e

Fir i

p(z,y)
) ly—ti“ﬂ’ o o~ yprn 2020

5,, T, YNT —y
'“/ { [y — ¢nr2- :vr‘z)_- M dgv] dam_A5L U*:" Iz — ;E1+23-}-)h(lz — ilt)nmrd"y] do;

wlz,y)(z-y)
~ B,¢(z,y)(z — y) _ Oy (GEat)

2 = gy = 7 vt

5;;(%-@) Z,
*’\5./9 Unf Iz,: - :ltl“"' da”} 4z = /n [ o= |y ~ t!"f"‘(“"[z)— y!“"‘dg”] 1o
+Ag / [m Py y-;_ﬂi!i;wimt\y-)—fdoy] do.+ A /ﬁ [ NP jl:ﬁf\:; g)t}n-'-:day} do,

(820, + 8,0, )p(z, )
o [, B L e o
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ffEX:  Clifford ST+ BB R RS A EREE

iEE .

i

P, V) _ ez 9@ -9 J io.
/ [/ |y — t|ﬂ+2—'r;$ —_ yl'ﬂ hd y] dg;r Af) L I: Ot Im —_ y'ﬂ+2—h|y _ t|n—r ¥y
—As /

|
s [ [/ %j})day] do, - | [ oz, 9) hday] do,
.|

5

at |z — y[**2- "f’y-—tl“‘ ly — ¢

(2= y)
Oyelz, y){z —y) day] dcr,:—,\5/5; [Lt J_y])é?‘m% y} do.

|y — T = ly — t|"t3T|z — yimo

Dgp(z,y) day] don + Ao [;, l Azp(z,y) doy] do.

o |Jolz —yr-hy —tin-T = |z — y|rhly — tin—r

(8,0, + 8,0:)p(z,y)
e / 3 lx—yl“ "‘ly—tl"“' d%] b

/ U ly—tln+2i’|z)_ e _,,dcry] do,

s [ [, ptenE—9)+ Bl )iz —y day] b

Ix — yln+2-—hly — tln—r

ly — t|n—r

ﬂ%ﬁl +3 oz, u)ﬂ(m—_y)
_/\5-/;1 [-/!-;‘ =y ) lm Y h)dgy do

o oz, 9) Azp(,y)
Y [ ne |y — tln+2—r‘$ — yln—hdgy] da:r + ’\fi‘/;1 [ . l‘.'E — yl“"*"iy — t\n—-r dO'y dO'I

Am(,ﬁ(l', y) + (31‘53 + ayar)(ﬁ(x, y)
+e [ [ A ey g oy | do.



FENE HFERSHENTRE

EATBRAEEEFRENREM A&, Clifford Mr+#ESFREHRER—T
=H. F#EiTieT Clifford 44748 X BLS FRO TR RRAKX. M. Spivark #
fep %% (18] b, X n BFELERPWE LRE, FBTRUSBOFRAHUT T ABRIE
X, XAEXE—RE RS E e, EAFERE LEREEM K. #iEE Clifford
SRP AR T EEX T X5 Robert P. Gilbert ZE3X# (2] PIIAT RHBEFH
e, WarymeeT Clifford Z2HFREATZHRGFAE. FBTX—-BERNUENT FH
ATFHBRLATE, FHRE_RWTHETFEHR 7 B TTREN RN R B RER.

§4.1 [eRERYSIA

TESCHR (18] & M. Spivark fF e X X4}

A DC Rt RERME, 0 R D ¥, EW8—1ze D, AU €,
zeU, W 0 %Yy DBOTARFHFES. Wi —EFERYEE ©, RPEF— T mB o & D
FEX, BT C™ EWRLIT %14

1. 3HHE—z € D, 8#1#F 0 < p(z) < 1.
2. WiE—x € D, FE—AFEV C " @S o, FEHFEFHE N € @ £V EXR

T 0.

3. #E—tz €D, RIK T o) =1.
4. {—toec®, FEARURT 0, 8 o £ U ANREARIFT 0.

MRPCOCPHEL~3, BRI PED@—PRAUSW. MR QEBHEE 4, WH O
MR T 6 HBRAS#

BORE— D LART O b [fE—FNDZE RyBRY, FEXM D WiE
—&, FEE—PEREE f AR EER, BG {z: [z SFEE ) WRES 0, 3AEH
faolf| %t # wg@ Joo|fl sk, WH f X D L&y~ LTRELK.

49



50 fiEX: Clifford 3P B & R RS L K=

s 1178 Clifford A¥ihE BRI Cp(A), Bd&Ee x#& D &, BE#E Clifford =

.

wy 41 f(z) € Cp(A), mEE D L HEE—ITRAFHTFES 0 H—PMRT 6
W O(C C), Elg—1 [pelf| ##E H 3;@ Ip ol f] g MO, 1B f N
M. Spivak & X TFay/™ XA BER.  Cp(A) HRiaN XTRERTIEHE Ip(A).

TR AR ERERE M. Spivak B T8 XTHER.

Bl 4.1 De R ik, f(z)=ZXfalz)esa € Ip(A) & B—1 fa(z) ®RE D
L CTREK.

3|42 De R, Ip(A) Ik, W Ip(A) 3T sy Cifford #RaH .

iEBl 4 f,g € Ip(A), I D LELE—ATRFHFES 6, I—MART 6, B4
frorm @), 8 f & D LE—SWFRTER, FES—1 [polf| FE, §: Ip ¥lf]
K. FBEE D ER—ATHREHFEE 0, fI— P HBT 0, HRLLHR sz, F‘Eﬁ g 1E
D h5—SwARLEER, WE— [polg| FER Raze:@ Ipelgl West. # D Lik—4 a2
HFEEO=0U0 ={UlU=u Uupu; €6;, i =12} I—PNRF OB D Liy®
frsrk @ = {plp = 232, ¢; € &;, i=1,2}, W

Y [ e+ U wlfowlgl]

[/ olfi+ [ alal] + 5 [[ el + [ walgl],

FHH BB, FEREN . B f+ g £ XTEN. FHE ag (o £
Clifford %) 7~ X ATRE. .

BN 42 A fz,y) = é:f,q(:r,y)e,q, (z,y) € DxD, XBFH— falz,y): DxD —
R' B—AxR. MR fa(z,y) RE—ERWTHIBS, B |f2P Bz R y s (
REBEEER) BXAR, B [ [ | f(z,y))2d.d, < oo, WRIEX f(z,y) I—4T
XEHFTREH, A EHTREREE Ipxp(A).

w2 €2



ARSI 0l

3 4.3 4 f(z,9), 9(z,9) € Ipxp(A) B @° € Ip(A), I
1. %¥ u (z, y WEERE) S (z,u)9(y,y) € Ip(A).
2. [p flz,u)g(u,y)du € Ipxpn(A).
3. [p flz,u)®*(u)du € Ip(A).
X 43 4 K(z,y) = %KA (z,y)es € Ipxp(A) H—F¥, TXHEHAEXHR
B T8y
K'(z,y) = ;KA(%.U)EMA,

EE— hA — h’BA = hﬂr];"'ﬂrh — hﬁﬂ T h‘Erh" A = {Tlﬁ "t 3Th}5 ﬁ'— hﬂi %ﬁ&

4

h‘ﬂi(ej)=< K %%J i,jzl,"',?’l,
€ tFEJ
BIPE ha BAZHRET.
BX 44 FEXFE
p(z) — A/:E}Ko(x,u)(p(u)du = f(x) (4.1)

HAGXREFENS - RKEANENTER. XE o(z) BERaEH, K'(z,y) e X 4.3 Fig,
f R_REea&EH, f?elp(A), A€ AR—4 Clifford %% FE£EIHTR (4.1) B8

§4.2 [o]HBVRE

FHBERELHFEIBFTE (4.1) e 4

{ 900(5‘) = f(.’E), (42)

.. om(z) = f(z) + A Jp K%z, u)pm_1 (u)du, m=1,2---,

BAEHIEH {on(z)} D L—BREHTF—IHEY, UXPEPREHFR (4.1) .
HTEE {on(x)} R, RIMNTBHUTEX.




52 FEX.  Clifford FATh BN & RN TN E AR

23 45 K(z,y) € Ipxp(A) k., &iNEX

Ky(z,9) = [ K(z,HK°(t,v)dt,
Kplz,y) = _/DK(x,t)Km*l(t,y)dt, m > 3,
¥ K(z,y) 8 m KEMEK, m2>2
EH 41 mAE Kz,y), K(z,y), A f(z) mEFR, Ha

J K%z,u)f(z) = f(z)K(z,u), (4.3)
k K%z, u)A = AK (2, u).

(RiEXBRETFHEX, HEEBRHIER).

A RBOEN {om(z)}
oi(z) = flz)+ '\gKU(iU:t)QOu(t)df,

a(z) = fle)+Af K (z, t)n (t)dt
= flz)+ ,\g K%z,t) [f(t) + Ag K“(t,u)f(u)du] dt
= f(@)+ A KOz, u)f ()
+N? [ { [ K(z,)K°(t, ) f(u)du] dt,

= f(z)+ )\g K°(z,u)f(u) + (/\)2g Ky(z,u) f(u)du,

o3(T) = oeees ,
—Reih, BATH

pn(z) = f($)+A£K”($,U)f(u)du

n (4.4)
+m§2(A)mg Km(l:, 'U«)f(’ur)d’&, n — 1, 2.,

EE 42 4 f(z) € Ip(A), gff(u)lgdvu = H?, |K(z,u)| < M(u), 3t&E—
z€ D,ue D#HRx. Mu) BI-CFFTEEH, g]M(u)lﬁdvu = [? X dv, #
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D b BEER, N

| [ K, (z,u) f(u)du] < HL™J® m=1,2---. (4.5)

iFB % om =18, ®ATER K(z,u) = K¥z,u) BA
I{K;(:L‘,u)f(u)du < I£|K1(£’3= u) f(u)|dvy < JIJ)‘IM(uN | f(u)|dvy

L
2

[f |f(u)|2dvu] = J,HL,
D

1
2

< 4] |M<u)|2dvu]

@ m— 1 B&Ee R, BRAITUEH m iR,
sf Ko, u) f(u)du
D

[

‘f [ K(z,t)Km_1)(t, u)dt f(u)du
DD

T K(z, )] Km-1(t, u) f(u)du|dt

jReo) \

|

11

1
2 Z

< U [f Kz, t)!?dvt] {f Ky u)f(u)duﬁdvt]
D DD

< J [ / |M(t)|2dvtr [ / Jf("“”HZLQ(’“‘”dvtr < HL™JM.
iE5E .

BHE 4.3 AR 42 WEAHT, MTHE (A < 7p @ Clifford ¥ A, 58 (4.1) %
PE—pe, ELRERPTS (4.4) MR,

8 hEE 42, ARFHREFNE D LSl ARRERRETRE 4B

7.



54 FEX:  Clifford HihENERRS L {EEE

U TRIKESE . HHE A €A BE [N < 511, F ¢i(2), p2(z) BHE (4.1)

A, Hf
() = A [ K(z, u)er (u)du = /()

pa(z) = [ KO(z,p)ea(w)du = f(2),

BAREE ©1(z) — ea(z) — A fp KOz, u)[p1(u) ~ pa(ufdu = 0, & w(z) = ¢i(2) -
p2(z), BATE w(z) = A fp K°(z, w)w(u)du, Bk

w(@)P < AR [ K (@, u)Pdv, [ |o(u)dv,

€ D b, AEAWAX z Rl

[ (@) ot < LR [ Jwo(w)Pdv,

WA
7412172 2
(1= LR [ foo(w) Pdvs <0,
8
fD w(u)|*dve =0, 1 = 2.
T .

B 44 EEE 42 HAGTHER (44) 18 {on} BHFE (4.1) B9EHE, W

B REARET
|A|H+IL"+1HJ12“+3

1—|ALJE

H P LR HE HiE.



FHEE MNIENRMAESRMEEABAERE

1188 1613 e 75 SR T R R BT i — 3R, AL F L Clifford 2R By &
.

3R E M T EPE W Bracks F. #1 Pincket W. X7 Clifford 4347 ity XUE N &
¥oritie T SUEN & ey Cauchy BAAR !9 Le huang Son i+ T Clifford 447+
Hartogs SE#f1 Cousin [ 5. %igE, MEK. BY S8R T Clifford 24748 — %3
g g 2OLALLITLOLMULO e b T ey seml b, SEB I T RESET, ifieR
YR, BB T SGER R — MBS nE B Ry FEERES RAR. B
T Wk (4],[6],(7] 5 Lk

§5.1 o] B KU 5] A

i D= D, x Dy & Euclidean 288 R™""! x RFtlL, 1 <m<n+1,1<k<n+1
P — A EEFM, D, C R™, Dy C RML. #inFR C7 BB Me
| D> A @y =5 pEyes
falz,y) € CT(D), z € R™*! y € R*+!

Fy)={f .

F

WF f e FY, (r > 1), X% Cauchy-Riemann ¥ % 0, f = E ZeieA%, f8, =

L os, =0 A
EA
¢ f_f -
| fOy =

f A 4 DUIE O e 3 (1)
B D; ¢y Q; #2%0%, ERERY Liapunov thm, (1=1,2)7, 4 O x O,

20



56 fEX.  Clifford AR EH S R RS A EE]E

LHRERG
( |

HI(Q s, ) = . Alu, ’)
(1 ) | w A (ur,v1) — Mue, va)l < Gl{ug,v1) — (uz, v} |f

\

A(u,v) = E:AAEA c € %X Qg — A,

B0 < <1, GHEXRE. H(Q x U, P0) WR— Banach ZH, H¥H
AlLs = CO, €y x ) + H(A 4y x o, 8). HepHE—TUHESER, B0 Holder #,
iz}

f +glls < flle +lglls: [1Fglls < LiilFlisllglls, (5.1)

K J; BIEFE.

# Df = D;, i=1,2, Dy = R"\D,, Dy = R*¥"\D,. % z ) DI &F ¢, &
T T —— tF, %y N DF BT tp BHEE Y — £, % (z.y) — {55, 87) B, BE
®(z,y) BBREITE 2 (z, ).

S B R DY x DY, DY x Dy, Dy x DF, Dy x D; AR EREETHAN
H¥ B(z,y) € FY), EEME (00, 00) = (z,00) = B(00,y) = 0 AHRABHBR KM

Alt, 12)8 T (b)), ta) + B(ty, 1)@+ (a(ty), ta)) + C(ty, t2) B4 (1, t2)+
D(t1, )" (b1, 82) = g{t1, ta) f(k1, t2, DT, D1, &~+ &),
e oft) 1 , — Q) X—4 Haseman 1% (B30 [21]), @ 4,B,C,D € H({} X
(Qy, B). BIHRUEEEN [ R

{5.2)

§5.2 Cauchy BIgF HHF & Plemelj A

i# @ € H{{Y x Oy, 5), i Cauchy RAHEREL

a[{h <, E1 (th u)dcruga{u? U)d{'&;Eg(tz; QJ), (53)

b

o Ballb) = -k, Bl b) = 07 ey MR, Wer= ook

e — ] W 419k 4 1

Wrntl, Weet HEEE R™ RE gy S ERBBER.
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ES{ 5.1 '& (tl,tg) - Ql X Qg, 2 - H(Ql X Qg,ﬁ). ﬁfﬂﬁ 01 . l$—t1| < (5, 02 .
y = ta| < & M O((t1,12),6) = O1 x Oz K (1, 8) #9—4 8 468, 3B Qi x Qp fLF

O((t1,t2), ) REBBITBRA As, iC

Ps(t;, 1) = 05_[ E\(t,, u)do,pu, v)do,Es(ty, v).

U x2—As

& lim &;(t1,ts) #4E, WA RBUY (5.3) HERERX TR, JURRRILAE 0(h, 1) R
1 Ey, B, mEEN, UTHREE.

AT R LR RESERE, RIIFEITIAUTE Cauchy R4,

EX 52 @€ HQ x MW, B), z€ R™U\Q,, y € REU\Q, , %84

®(z,y) = a[nlmnEl(m, u)doou, v)doyEqoly, v) (5.4)

% Cauchy B$43.
5IHR 5.1 (fcmt (3] &) B @ € H(Q, x 0, 8), z € RM™MHINQ,, y € RFINQ,,
W (5.4) ReppyBE¥ P(z,y) AVER &KX, EH $(o0,y) = ®(z,00) = ®(00, 00) = 0.
Flak=EE H( x 2, B) BHAHT (BBEX (7))

2
P - -/ E t ’ d u !t ?
= 1(t1, u)dowp(u, tz)
2
Pyp = / QO(tl, v)deE2(t2: U):
W41y Q2

Pyp = 4®(t,t2), P = Pi{a{t:),t2), 1=1,2,3,

Hed aft) : @ = Q) % Haseman .
5138 5.2 (WX [7]) # @(ti,t2) € H(Q X Q2,8), MAMT (t1,82) € U x Qo &

O (t),t) = EII:(,& + Py + Pyp + P3pl(t,t,)

&t (h,1) = z[—0— P+ Pap + Pag|(ty, 1)

QT (t,ty) = ;11' —p + Pip — Py + Pspl(t1, ts) o
" (t,t) = glo— Pio—Pap+ Papl(trt) |




58 FE¥X. Clifford 3P RNHRRYFNLERE

@it 5.1 ®alt), o Pyi=123mbprR, WH

O+ (a(ty), t2) = o + Pip + Py + Payl(a(ti), t2) g (5.6)
o+ (a(t), t2) = H—¢ — P+ Pap + Psp)(alti), t2) |

By

"

o+ (alts), tz) = o1 + Plo + Py + Pyl (b ta) | (5.7)
-1_ A
4

o+ (a(t), t2) = j[—w1 — Plp + Pyp + P3p|(t1, t2)

Hep o1(th, t2) = pla(ty), ta).

§5.3 [GlRE R* MURRRUFFTETE

¥ iE SR B4 R, BiRE Rt A Cauchy BES (5.4) #7.
23 5.1 ({8 R SHTFRMENFE

F(to =@ (P(tl,tg) S H(Ql x Q?:ﬁ): (58)

H

Fo=(A—- B)(p1 + Pjp) + (A+ B)(Pyp + P3p)

5.9
_|_(.._C+D-|- 1))(p+ (C+D)(—P299+P3§0) -+ (C"D)P1@”49f: ( )

ﬁq: (.,O]_,Php:,i = 1:2333 ﬁu—tﬂfﬁ-
i8] #H’ (5.0) #1 (6.7) RAZLI R &M (5.2) B
A(pL + Plo + Pyp + Pyp) + B(—p1 — Ply + Py + Pyp)
+C(~p+ Py~ Pap+ P3p) + D(p — Py — Pap+ Psyp) = 44/,

Wik D B R (5.8). ilHe.
5IE 5.3 (W3xmk [7]) B o(t,t2) € H(Q x Qg, 8), MHES ¢ BXRAEY J, 15

letFiplls < Lllells, lIBplls < Lallells, ©=1,2, ||Pap£Psolls < Llip|ls. (5.10)



fEFHE ¥ ER X 09

®I8 5.2 HEEERS at) : Q) — 2, ¥ Lipschitz F{F
[(a(t11), ta1) — (@(ti2), t22)| < Hi(t)1,t1) — (12, t22)], (5.11)

HFH e H(Ql X 92:5): (Pl(tlatz) = Qﬂ(ﬁ(tl);tg) , WF

leills < (1 + H?)fiolls,

XE H > 1 %%
W e HQ x Q,8), MXHEBE (£, t21), (tig,t2) € QU X Q2 F

lo(tin, ta1)| < lllls,

o(tirs ta1) — @(tiz, ta2)| < Nollgl (i1, ta1) — (tra, t22)17,

Frl &
1 (B, ta1)| = [wla(tiy), ta)] = [o((E1), t21)] < llells,

Hep ti, K Q) LR —&K, HHEHEF
o1 (tyy, ta1) — wi(tia, t)| = lp(a(ty), tay) — ((altia), t22)!

< lellsl(edtn)star) — (@(trz), t22) 1P < lollgH?|(f11, 1) — (t12, t22) 17,
BLH

leills < (1 + H?) el
{8 .
B3I 5.3 MBHE 5.2 REBRL T b,

Wit 5.2 # ¢(t,t) € H(Q x o, B), a(t), pr MERE, WEES ¢ XX
¥ J; ESH

ler = Folls < Jllells, lIFells < Jsllells ¢ = 1,2,

[Pl + Plollg < J (5.12)
2¢ £ Pypllg < Js|e]ls-



60 FiEX. Clifford ¥ BB & R RS A ER]

WU LERAT ¢ WELERFAFUTHER.
i 5.3 BMW 5.2 WARMHE, WHEWHK J £

|05 (1, 82)llp < Jallells, 19FF(E, t2)lls < Jallells,
105 (a(t1), t2)lls < Jallells, 19F*(alt1), t2)lls < Jallells.

(5.13)

T 5.3 & Dz‘ BHINH Q;‘, 1 = 1,2 jﬂ]_tf')‘l:ﬂs, C}I(tI) : Ql—+Ql A Hasema {7
%. MR FAeSt, EL# 2 Lipschitz &4 (5.11). T f(t, 22, @V, 39,03 W) gr
st ¢ @9 Holder &44fxd 9,1 =1,2,3,4 gy Lipschitz &4, Bf

'f(tll ; t21 ? (I)El): (I)gi’), (IJES): ¢54)) - f(tl2: t22: (I)gl)z @52): (I)tga): (I}gé))'

8 (1) (1) (4) (4) (5-14)
< Jsl{t11,ta1) — (b1, tag) | + J6|®) 7 — D5 | 4+ -+ Jp|R) — D5,

He J;,1=5,6,7,8,9 FIE¥KHK. X& f(0,0,0,0,0)=0, A, B,C,D,gBRT H({ ¥
Oy, 8) 36K |A+ Bllsg <h, |BED|lg<h, [D-C+1llg<h, 0<h<1,iglls=
5> 0, #FH 0 < § < MFHERLEL) gime R oTa, EmmRisAm (54) . H
F M, Jig, J1z IEH.

{F8H EEgRMEE C (O x Q) WIHTHE Hy = {plp € H U xQ, B), |lplls <
M},

HERUEHRT F B Hy 3185, B F e X REBAxF, WEE oec Hy &

I Fellg < JillA = Bllgller + Pillg + DillA + Bllgl| Fae + Paolls

+Ji|| = C + D + 1lgllells + JUIC + Dllgll — Pop + Paplls

+LIC — DlisliPrells + 149 flis

< Jihlller + Piolis + | Pap + Psplls + llells + 1 Paw — Psglls + || Prplls)
+4J1(lgllsll flls,

B2 0.3 MR 0.2 F

|Fpllg < Jih{l + 202 + 2J5)\lells + 4711|9511 fll 5,
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Bh (5.14) X, SE 5.2 KR S52H
C(f,fh x ) = max _ |f|

(t1,t2)€ X9

max _ |f(t,,ts, T, 81,87, 877) — £(0,0,0, 0,0,0)|
(t1,t2)ER X2

Js|(ty, t2) — (0,0)[8 + J6|@HH|+ -+ Jol® 7|

< Jio+ Jullells,
L RF (5.14) RABFERK Ji2, Ji3s B

i

A

H(f, U x Q2,8) < Jiz + Jisl|olls

FRUBRZARY Jig, Jis EE

|flls < Jis + Jisllolls,

1Fglls < Jih[1 +2J5 + 2J5][0lls + 471 [l9lla]l flis]
< J[h[l + 2J5 + 2J3]M -+ 4J15[J11 -+ J12M] < M,

Bl F RS Hy 3B SRS,

BTk F 75 Hy bigk, SHEBHRES {vn) € Hy, B {pn} F U x Q2 L%
BT @ € Hy , BIMEBM e >0 HEN, % n> N WE |lon — vlls < &. B31E 5.3
HiEw> 5.2 0jB

on — @ £ Pi(pn — 9)lls < Lllon — ¢lls < J2e, 1=1,2,3,
FPi(on — ©)ls £ J2llen — olls < J2e, 1 =1,2,3,
Py(pn — ) £ Ps(on — 0)||s < L2llon — ©lls < ¢,

P ™
o3
J
)

e

Y.

(cpﬂl - (101) T+ H(‘Pﬂl - (pl)”ﬁ —<—- J3“cpﬂ - (p”ﬁ < J38: 3 = 1:213:
Pl(pn — ©)ls < T3l — @lls < J3e, 1 =1,2,3, (5.16)
Py(on — @) £ B(en — o)lls, < Ssllon — @lls < Jse,




62 ffEX:  Clifford $4ip BB & F RO LA

Kb @ (E1, ) = @ala(ty), t2). i (5.15),(5.16) XK

f(t1, 12, @ (n), T (0n); @71 (9n), 277 (¢n))

—f(t1, t2, @ (), @7 (), 27 * (), 27 ()]

< Jo|®* (pn) — BT ()| + J71@F(pn) — T (0} I+

Js|®* (0n) — O F ()| + Jo| @ (pn) — @7 ()|

= Jo|@F (95 — @)| + J2| @ (0n — 9)| + Ja|® T (¢n — @) + S| (0n — @)

< (Jgds + JpJy + JgJy + e Jo)l|len — ¢lls = Ke,
(5.17)

# (5.15), (5.16), (5.17) MALEHK G ER

|F(pn — ¢)| < GE,

B F % Hyy bRy gGEBST. 435 Arzela-Ascoli 8, Hy RiEZ&ZEE C(Q x Q) FHE
. FHiEskuest F ot C(Q x Q) PHEME Hy BIH &, 3H F(Hy) B2 C() x )
b M. FHA Schauder RSIEFEBRMELFE D o € H(U X, B) BEHRES
F#2 (5.8), ¥ oo RA (5.4) B ®(z,y) HE R* 89, Fril M R ZLHFAE—W,
FHY (5.4) MRHBARER. HM P BRWE P(oo,00) = ®(z,00) = $(00,y) = 0.
i

-



EAE JNENRME RS AR {H0 R
§6.1 6] &M By 51 A

PRy R4

O f=F (6.1)
fay = F2

e S T SOOUTE U e g (19,

# Df = D;, i =1,2,4%% R™L f1 RF! Epgsarse, D = R™N\D,, D; =
RHI\D,, % z ) Df #&F t, BHifE v — 7, % y A Dy & t ik y — 13,
% (z,y) — (855,t5%) o, BH Wz, y) BRBIEE W5, 1) EF (t,t) €
U x g, O, =0D;,i=1,2 HRERE.

@8 R® k7 D x D, Df x Dy, Dy x DF, Dy x D; HJ~SLOE N3
HRWEY W(z,y) € FS, BHBR W{oo,00) = W(z,00) = W(oo,y) = 0 RH#H
(i1 7 %A

Ay, L)W (alty), ) + Bty )W {a(ty), t2)) + C(ty, t)) W= (1), ta)+
(6.2)

D(tl y tQ)WF_(tI, t2) —_— g(tl, t2)f(t1;« t2, W++: W+_! W_+: W__)!

ﬁq:' (I(tl) . Ql —> Q] %"‘“’f\ Haseman ﬁzﬁ (Iiljtﬁ [21]), i1} A,B, C,D - H(QI X
0, B) % f BECHER. BNFULHEEY @B RO

63



64 FEX.  Clifford 4P B § R RS F00 {0608

§6.2 - IENHREL Plemelj AR

e BEART

—1 1 _1_
T\F{z,y) = O [DT El(u:m)F(ua y)do, — ;—f; D E3(u,:I:)F(u,y)dgu,

1

Wi 1

|
T,F(z,y) = [, Flz, )Es(v,9)doy,
DE

~1
[D; F(z,v)Es(v, y)do, —

W1

1

1 _i

ﬁc{ﬂ E1 *ﬂ E‘Z ﬁﬂ%ﬂﬁ%:‘?fﬂffiﬁ, ﬁﬁ ES(tl:tQ) - th—t'zr”t"*'lltilm"'“ E‘l(thtz) =

4 13

'E_l__"‘t:flk'i'lltllk.{-l . miﬁ [2] ﬁm_‘:%%

2/ 6.1 WHTEAMEEN y € R¥Y, F(z,y) € LP™H(R™Y), B |F(z,y),

(™3, )| = [z|™ F(L,y) € LP(Dy), 3#AHEH | Flpmsr = |F, DT [+ F, DYy

Ky Rk, p>m+l, UNTFEIEEH ye R &

1. |TiF| < M(m+ 1,p)|Flpm+, =€ R™
2. M FERY T, 72 € R™ A

p—m—1
- :

11 F (2, y) — TiF(22,9)| < M(m + 1,p)|Flpmii|zy — 22|%, o=

3. T |z 2 2/ |TLF) < M(m + L,p)|Flpmii|z] % ™.
4. gm(TlF) = F, T E Rm+l.
K M(m+1,p) 55 m,p FxE z,y TXHEFR.

3|% 6.2 WMTEAIEFE © € R™, F(z,y) € LebY(RFY). /1 |F(z,y)l,
|FE+ (g, y)| = [y[F+ F(z, 1) € LI(Dy), @R |Flopsr = |F, DY |g + [FED, DT,

Hz ®¥, q>k+1, UWTEAIEE e ™ &
1. |T2F[ < M(k+ l!Q)IFllq,k-H: ye RF+1,

-
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bR AF LB X
2. WTAER ¥,y € RFL &
— k-1
T F(z,y1) — TgF(z,y2)| < M(k+ 1:Q)|F|q,k+1|yl — Y|t u= 1 7 :

3. XF [y > 2, # IBF] € M(k+1,q)| Flognlyl 5 0.
4. (TL,F)3, =F, ye RF.
Hep M(k+1,9) 35 kg HXE z,y TXRHEXE.

Wit 6.1 L EFEAIIEMALT, ik q=25D gy
l. G+ EEH y € R F TVF € C*(R™), 3#H T1F(o0,y) = 0, Hy o =

1_m+1=1_k+1
qi

2. WEHAEEN z € R™ H TLF € Co(RMY), #8, ToF(z,00) =0, % a F.L.
iEB S| 6.1,6.2 FEE p=2"1 =]kl =] Bl — 5 HHEED

g g P
2 - m<1l-m<OR B -k <O WF. AEE,

®3 6.1 #% F(z,y) BENTFEIEE 2 € R™, E& 1,1 € B*L &
F(z,y) € C*(R**),0 < a < 1,3H, |F(z,y1)— F(z,12)| < M|y, — y|* H# M,
Gr &% p>m+la=1-"0 WHFEIERE € R, F T F € C*(R*).

T8 BrES L+l =L ENp>m+LHl<py <2 m<mp <m+1,

M
T1F(z, 1) — T F(z,y2)|

1

/;3 i-t [F(ua yl) — F(’U., yz)]dgu

Wm+1 r |U — $Jm+1
S o 2 TR TR P8
W41 |/DF ]& — xlm—i—l ur«yl) (;: yz)] u




66 FEX. Clifford 32T RN FHRRS RN EEE

L[ a2y = walldo] -
m+1 1

M 1 i
o / 1= — 2|y, — y2|®|doy]

1
, 4
=2l ldonl|” i = ol 1|

M, /’
Wm+1 | /DY P

1

| 11—xrmp'lur“““)?'ldmr

l_yza D+‘
Win a1 T“ ly |r lp

< Moy — yel®.

EEE .

£ 6.2 ® F(z,y) tFEIEE y € RF, £¥ 2, 22 € R™L, & F(z,y)
€ C*(R™"),0 < a < 1, 3#H, |F(z1,y) — F(z2,9)| £ Mi|z1 — z2|* HP My H y
¥k, ¢>k+1l,a=1~4 RnFErEE y € R, F LF € C*(R™).
(2 BAE S5 e 1 BEEW AR, w%.) g

®H 6.3 & D;,i=1,2 452 R™!, R*! g fii@eg, Fz,y) EEM6.1,6.2

B %14, p>m+1,q>k+1,a=1—-ﬂpﬂ=1—’%%q:ﬂn%l,mq

T,F(z,y) € C*(R™! R*1), 1=1,2

8 B, % z € R™ F F(z,y) € LY Y(RMY) % y ¢ R¥ L g F(z,y) €
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Lpmtl(RmHY) bl RSB REE, WERE (21, 01), (T2, 5) € RV X B g

T, F (1, 'y1) — TiF(x2, yz)I
_<.. 'TiF(j:la yl) - ﬂF(ﬂ:g,y]) +ﬂF($2!y1) - EF(H:?!y?)'

< M3|$1 - -’Ez‘“ + M4|y1 — y2|a < M5|($1:yl) - ($2:y2)|a: 1 =1,2.
JEEE .
®H 64 # (6.1) X Fy, F, € C%D),(#+ D = D, x D), }EWEHEERMN
F0, = 0,F UREE 6.3 % F FiResket, FiO, bMEEE 3+ F FrlRr&As
Mz DE x Df, Df x D7 - XUWENEH Wz, y) (R (6.1) i), HmTBARE

E-
W(x!y) = TlFl + TQ[FQ - (Tlpl)gy] -+ (I)(xn y): (63)

Kt O(z, y) BEFR X589 E N FK3.
B % (z,y) € Df x Df, DY x Dy #f, @3I% 6.1, 312 6.2 @ 9,(T\F;) =
F‘i: (T2F;)§y — Fi! 1 = 112 ﬁfﬂ*ﬁ@%ﬂ: Flgy - E:BF2 E.rﬁ

AT Fy + T|F; — (T1F1)8,)} = 0,1\ Fi + 0,1, F; — 0, TL[(T, F1 ),
= Fy + T3(0: F3) — 0. TR [(T1(F10y)] = Fy + T2(0,F») — Ta[0.(T(F10,)]

= F\ + T8, F2) — To(F\3,) = F, + To(0,Fy) — Ta(3.F,) =

3+ A
{F\ + TL[F; - (11F,)8,)}0, = (T\ F,)8, + F, — (T\F)8, = F,



rtrale—

68 FEX:  Clifford 2 BB & SR F00 (56

o T, F) + T Fy — (T\F)0,) #1 Wz, y) BRI CRENEK, Hrl

{T\Fy + Ta[F2 — (TLF1)8,]} — W(z,y)

RIEN &%, WA (6.3) XF/IE. .
glHHRT T.?.(Flgy) = Tz[(TlFI)gy]-

®H 6.5 ZETHE 6.4 WEAHT, X& Fi(z,00) = Fy(oo,y) =0, WA
1. 8,[(T3(F18,)] = To(F18,), [T3(F18,)]0, = T1(F19y).
2. T3(F,0,) € C*(R™!, RF+1),
3. T3(F\8,) (00, y) = T3(F.8,)(z, 00) = T3(F18y)(0c, ) = 0.
B MEH 6.4 MiFEBENYEE KR, FAEHE 6.2 TS &R, HER
6.1 MB=FRr. EEE.
=M 6.6 AEEE 6.0 (&EMET, WHSTSONEMEH K Plemel) AKX

W+ = TVEy + Ty Fy — Tg(Fl(T?_y) + ;li[fﬁ + P+ Py + P3Cp]

Wt— = T1F1 + Tng — Ta(Flgy) + i[“'@ - PL‘P -+ P'Z{aa + P3(10]
. (6.4)
W-* = T1F1 +T2F2 - T3(F1-5y) -+ i[—-ﬂﬂ + Pi‘P - PQ(P T PSCP]

\ W =TF|+TF — Tg(Flgy) -+ i[fp — PIQKJ — Pg(p -+ Pa({.?]

£ Q) x Qy E3tERY (6, 1) Ror, B W(oo,y) = Wz, o0) = W{(co, ) = 0.

i8R RPUTHERE, A Cauchy B4R (6.3) by &(z,y), FERSEAEYIE
5.2 . #it 5.1 40 (6.3) AWM. BHhEE Fi(z,00) = Fy(oo,y) = 0 8 T, F,(z, 0) =
T F5(00,y) =0, hE®™ 6.4,6.5 8 W(z,00) = W(o0,y) = W(cco,00) = 0. iEEE .




bt B 418 69

B 6.2 B ot —0 B—4 Haseman {18, E& 6.5 MAFWE, WX{E
BH (tt) e x WL F

W (alt), tz) = {T1F1 + ToFy — T3(F10,) }a(t1), t2)
+4{o1 + Pl + Pjw + Py,

Wt=(a(t)),tz) = {TVF) + ToFy — T3(F18,) }a(t)), t2)
+i[—p1 — Plo+ Py + Pyl

Hr (Pl(tl:tﬁ) — Cp((}i(tl), tQ): iz} ‘ﬂrcp(tl:tQ) = E(,O(O:(tl),tg), 1= 1!2:3' th: .7 = 1:2:3
mEERETE.

§6.3 |oJ@l R® MBNEHEM

W8 RO A&t (6.2) TR RELSTE
Ly = o, (6.6)

Her L hzm H(C x g, 8) LHFRBHHETF

Lo = (A + B){¢1 + Plo + Pyp + Pyp) — 2B(p, + Ply)

+(C + D)[—¢p+ Pip— Pap+ Pyl + (2D + 1))p — 2DPyp — 49 f
+4(A + B)[T\ Fi + T2 B, — T3(F10,)](a(t)), t2)

+4(C + D)1\ F, + TuFy — T3(F18,)](t, t2),

(6.7)

Hep o1, B, Fy,i=1,2,3, mSBHEEFRR



70 FEX. Clifford P B &SRR R4 HEG])E

31 6.3 & D;, O, i= 1,2, mEFR, £ QU x Oy LF&H (6.3) XFH [ w2

3 4
Flta, o, WO, WO WO W) — f(big, t, WS, WS, WD, W5Y))

< Ji|(tan, tar) — (fizy t2) [P + T WD = W+ + T\ Wi — wity),

st Jii=1,2,3,4,5 B5 WP, =1,2, m=1,2,3,4 REMERH,

|(£11, 821) — (b2, tm)|° = (\/(tu — t12)? + (ta — t22)? )P
X# £(0,0,0,0,0,0) = 0, WFHFARL Js, J7 &

1fllg < J6 + J2llel]s.

L
C(f, x W)= max | /]
—_ ++ +— —+ -—
- (tl,t:}]é%ijQzlf(tth,W 1W :W :W f(O?D:'O?O?O!O)(
< J5\(t1,t2) — (0, 0)|8 + Jﬁ,|‘I’++\ + 4 Jg'@h_\

< Js + Joljells,

(Btib Js, Jo HIEHI, & (6.8) KX W HERMAM). Fat

|f(t11, o1, W (b1, 801 ), W (11, 821 ), W (811, t21), W (£11, 821

—f(t12, ta, WHH(t1a,t22), W (L12, t92), W™ F (212, ta), W~ (t10, 120))]

< (Jio + Jullellg)|(t11s ta1) — (t12, 22) 7.

g EERRA 1flls < Jo + Jollolls. ik .

Bl 64 ¥ D;,1=1,2, aft) MR, f HESIE 6.3 8&Ht, BiMEE



HERHEAS ML X n

1. Fy,i=1,2, HESE 6.1,6.2 %F F 0%, WAL F10, = 0,F, & Fi(z,00) =
Fy(00,y) = 0.

2. TVF\, T2 F, T3(F\8,), A,B,C,D € H( x Qg,8),a< < l,a=1- &pﬂ i
i 6.3 PRk,

3. AN v = JinJus[||A+Bllg+ |C+ Dlig+||Bllg+112D - 1|l +2||Dlls) < 1 (XE
) Jiz, Ji3 BEREKE, W Jo AU THELEPN J1, Js HETHERESH Jo, J3, Jy
RAHE, BEF A B,C, D RhR&GHRE., FUXTERETURE), B> 04
6 < ST raterTa (M IRERR), llgls < 6 3 | TF+ TF-Ty(Fd,)lls < 0
( g, F\, , BACHEH, S4B TELFEER),

ik

1 #RAT LB C(Q x Q) 720 T = {p|p € HQ x D, 8), llolls < M} BIH
.

2. BT L ET Lryikgms.

IEER
L BT LB XRETH ||+ |, RS

[Lolls < JizllA+ Bllgller + Pio + Py + Pip|lg + Ji2l| Bllgll2¢1 + 2Plol|s
+J12”C + D”ﬁ” ~po1+Pip—Pop+ P3‘P||ﬂ + J12“2D -+ 1”5”90”5 -+ J12”2D“B“P1(P“5
+4Ji2l|A + B + C + D|g||T\ Fy + ToF> — T3(F18y)||s + 47121 Fllsll9lls-

SRR AIEEED

1

|A+B+C+ Dlls < ||A+Blls + € + Dlls < 5,

ILellg < Jizdisllgllslll A + Blls + IC + Dis + || Blls + 12D + 1|5 + 2| D)} ]

425750 + 4002 [Js + Tllollpld < My + [ + 4015(J5 + Jrl|)ls)]

SMy+M(1-7)=M,



72 FFEX. Clifford £ & 21 R R 9700 {H10] 8K

BT LT HES.
2. M €T, n=12--, {gn} F U xQ L—BRATF o, BH >0, L n 3

HKE [lon — ©||s AT/, B3X [3] B4 n FEr ke, MEEM (4, t2) € ) x £
B, |Pipn — Pio| < €, |Papn — Pap| < €, BUBHHRTB [Pspn — Pyl < &,
|Plo, — Plol < e,i=1,2,3, B LA |Lo, — Lyp| < We (W REEFH), 81 L
b T bayseomst, iEH .

= 6.7 AU LSEMKBET, FIE oo € T 8 Loy = o, EFE R° Hi¥

Wiz,y) = T1F, + To[Fy — (11 F1)0,] + ®(z,y), (6.8)

H

1

(b ? = / E ? d L | d ‘UE ;) ’
@) = [ (@ w)doupo(u,v)dou Fa(0,)

E\, E; BSCHkE S

8 @51 6.4 8 Ly T LEEFESHBS, # Schauder R KRB MHEHF
T po € T Lpo = o, ¥tk o RALRB $(z,y), FH O(z,y) /A (6.8) XBH
Wi(z,y), i W(z,y) HFE R> sie, i .




g-t#& Clifford 44 FTfiE ENEMNRHL Plemel)
A

sedEsest Clifford MR EREHFREERBTARRR. £F R LI ENRE,

MEN &Y, T XENSHFRETH Plemel) AXF—ZFAEME, HE, WTELNE,
HiRE, H—ERARRRFNIERS. MAEXLFNAYS, WEMEBZETSFOME TRE
B, BT TR L Plemelj AXMMAERMBEREENE Y. E.Franks f1 J.Ryan*
KT —Fm LR L Cauchy BB 80 H %, BIHEERA Cauchy B —#Fd# K A
%, BREARBER/RITHFZAMENER, BE, IMREREBITMTEZRNARTRAX
. 1997 4, Klaus Giirlebeck,Uwe Kihler, John Ryan (24 z£3 23] gy demp b, atL
dE% K #17THBIE, THIER T 5IABIER Cauchy 85, FREFFHELEIAEZ K
M—SBEZRORERLY, WH, iTTRARRBETXZHA, gHiTieEEstRmPSTIE
ZHBH LRI, EXHBEEHYEXLT, @BIBRAIT -RALER, FEXMR LW Cauchy
BAARK, ENFHY Plemel] AX%¥. £ XRBEFIABEZNE E, S8 T THFBEN
ENEH Cauchy FEMFEHREAKEZRK, B2 TIENREAELAS LY Plemelj 24
X, #T#Y U #1 Klaus Giirlebeck %##% T k.

§7.1 Jo5tiE LAY Cauchy #F0 Cauchy FR4AF

# D C R REAHYH Liapunov 1R Q WERKSR, H D WHEsae—1IE=
T, RITEE—MET D HABFHE v. TH, RIRKIIA D EIER Cauchy #.

BN 71 8D ILEREAEXR, uX D yRMFNE, €€Q, 1€, won H
R BT E R, B

(€, 1) = ! ( £z (T ) (7.1)

W1 \ € — x|+ N [€ — unt

A n BILHE 1y Cauchy £

73



74 FEX: Clifford ¥ EN G RRSANEAR]E

S RAGERE, sxpgEsy Cauchy # (€, z) AU TR ZE.
3138 7.1 AHEEEX Ji(n) >0, R

(6, 2)] < S (m)lz ~ ul ): € — 2]7lg — ufi=), (7.2)

Her, Ji(n) BRERSEH n XL
iEBF g Hile 51 12

n)ZIf-—wl““’“ *1€ — uff
l£ z["[€ — ul”

| — ul

IA

lin(§, )|

ﬂ—.

Ji(n) 3 1€~ 27 FE— ulf M a - ul

k=0

Il — u 37 1€ — 2] 3] — uP =,
LEE . j

% (24] AT TEEFR LS Cauchy BAAR.
B|3 7.2 (Cauchy R42aX)? D mEprk, f(z) B D LWFRENEHK, HE

SRR, MM zeDH
£@) = [ (&) £(§)do(6), (7.3)

B, 7€) B Q MKy Mg, do(€) B Q LA Lebesgue M.

§7.2 JFRig E Cauchy BIFR4HY Cauchy F{E

# D = D, x D, & Eucilidean Z5ff) R™*! x R*! R REBHAR, D;(1 =
1,2) Mambag—1EEFM, 8@ D;( = 1,2) 8388 QG = 1,2) Hhew, &/

o



FEEHRAF SR 75

¥ Liapunov g, € x Qe ¥ Dy x D, MFELF, FKSIA Holder BERPE
i H(Q X Qy,8),0 < s <1, BHFEE w(€,n) € HQ) X Uy, 8), BEY ¢ HMER
£ €, g€ Qy B s B Holder g6y, TER¥TRAEFBREIEN KB EH Cauchy &
{H.

271 ®UL0GE=1,2) WEFRR, u,v HHET R™TI\Q, , RMI\Q,,z € Q),y € O,
w(&,n) BREXTE ) x Qy ERH A Holder #5205, W)

o(z,9) = [ lnl€, DAE)do(E)p (& Mdom)Aml(ny)  (7.4)

9] .‘KQ:

HRENEH, B P(u,y) = ¥(z,v) = (u,v) = 0. XE wpyy M wiqy AFH B™ 0

RM chip i RmegRER.  7(8) 1 () 4504 Q f1 Qp LESNES Ty mEy LR,

In(€,2) 1 L(n,y) HRREX 7.1 bR m BF k FERSEEBER Cauchy #.
iF88  ®4E, RIKEH O(z,y) BABYY. 58 (2,9)EQ, xQ, , HEIB 7.1 4, &

®(z,y)] < fn 1mzllm(éf,rﬂatv")’f"*f(tf)ﬂfﬂf(f)<,0('5,'n)ﬂ!r:f(n)ﬁ'('a)l:.=(my)l

IA

J (€ 2)ldo(€) (€ m)ldo(m)lia(n, v)

< [ hm®l -y - i € — i ]g — upi-omD

k
=yl n — v "%+ do(€)do(n).
7=1
HERATNFEAEE MN, gxdEEN £ecQ, neL &
E—z|>Me—ul, In—y|> Ny —v,

Bk



76 FEX: Clifford 4P ER S RRS TN MEE

|®(z, y)] < / Jim)J1(k)|z — ully — Uii Mg — gf )

{1 xQ22 j=1

Zk: Nl = v[~**Ddg (¢)da(n).
1=1

NI =N, m

1

m . —
in Yy M =M,

k
j::l 3=

®(z,y)| < Ji(m)Ji (k)M Niz —ufly -] € —u|" "y — o=+ Vdo (€)do (n).

Ql Xng i

B3 [24] B LEHESREER, Bk, O(z,y) FE UT, RIHEH O(z,y) HFIEN
Eg 8

B3 [24) 8 Ol (€, 7) = Ik(n, y)0y = 0, TBSH S T HBBEEE In (&, z) # lk(n, ¥)
M85 T,y X DEEREEN F(En.,y), BRAE

3. F(&mz,y)=F(&n,z,y)0, =0,

Bt fo,xn, 0cF (&, z,y)do(€)do(n) = fo,xa, F(& 0, ,9)8do(€)do(n) = 0 BXF

T,y — U, LA
5.8(z,y) = [ B.F(&m,3,y)do(€)do(n) =0,

Q[ Xﬂz

®(z,y)0, = f F(¢,n,z,y)0,do(€)do(n) = 0,

ﬂl)ﬂﬂz

HORERERE 5 LTH, P(z,y) HPEREH.
E Im(€,u) = L(n,v) =08 ®(u,y) = ®(z,v) = ®(u,v) = 0. iFEE.

THEIIATER ERNENHEE Cauchy FEBE X.
B (1, t2) € Q xQp, IER O, : |z —11| <0, Oz:ly—ts| <0, % O((t1,12),0) =
O, x Oz H (t1,t2) 89 6 48R, 2 ) x Oy LT O((t1,12),8) HHBTFH s

'-w\



chE R A X 7

BN 7.2 HER

®(t;, 1) = f I (&, 81)R(E)do (§)@(€, mdo(m)Ti{n)lk(n, t2) (7.5)

{1, %1

HTRIFMERIE O x Q2 WHRET.
S0t t)s= [ (& 0)AE)AT(E)0(E Mo (n)An)li(n, t2)

21 xQ2\ s

£X 7.3 % lim (1, t2)s = I(1,t2) F7E, WK I (L1, t2) K B4 (7.5) ¢ Cauchy
FEE. PictE I = ®(t, ta).

B3Ok [24], HUTEE.

51373 Wac ANKE WHEEM L), 1=1,2%

/ In(& )A€ (E)a = [ ada(m)i(n)is(n,t2) = a. (7.6)
¥ERN, RIBIATHAGSRBELETF
Rw=2éﬁﬂ&hm@MdOwﬁh%

Pyp =2 /92‘19(1:1: n)da(n)7i(n)l(n, t2),

chp = 4‘1’“1, tz).

T 7.2 @& o,n) € HQ, xQy,8), HRE O x Q LHERFEK, NHHFES
(7.5) B Cauchy FERFFER, WA

O(ty, 1)

1 1
*Z(P(tnh) + x(t1,%2) + Z(Plsa + Pp), (7.7)

R, X(t,0) = [ b6, 0)AE)do(E)U(E, o (r)i(n)(n, t2),

1 X

V(€ n) =& n) — & t2) — o(t1,1) + p(t1, t2)-



78 FEX. Clifford 3P R &R RS FHAKEE

B i B(ty,te) = 1 + I + I3 + Iy,
Il - -/ﬂ 0 lm(E:tl)ﬁ(g)dJ(f)(p(tlat?)dg(n)ﬁ(n)lk(n: t2):

I2 - ./Q <0 lm(é: tl)ﬁ(f)dﬂ'(f)[(p(f, t2) - W(tutz)]da(??)ﬁ(ﬂ)lk(m t2):
Iy = /ﬂlmzlm(é t1)it(€)do (E)[w(tr,m) — w(t1, t2)lda(n)fi(n)lk(n, ta),

I =./n o Im (€, t:1)7(€E)do (E) (€, myda(m)i(n)lk(n, t2)-
giitie I, 5/ 7.3 |

[ (&, 1€ (6) = 5

o) )
(7.8)
[ domitmia(n,ta) = 3,
ol I ¢ Cauchy LA, H I = 79(t,ta).
5t I, 1518 7.3 #1 (7.8) B
[, & )o@ (€ t2) - olty, o) do (), o)
(7.9)

= %/ﬂllm(f: t1)7(E)do(€)[p(&, ta) — p(ty, t2)].

BEAEELL L € Q) Ho, BBXHE r kB0 Ult), BITARE:EBREAESR U(L),
EEY £ e D \UR)) B, -t > J3E—ul, o A% hEE L, v AEEER
X R HDEg, W (7.9) TTUBTE



hERHE AN R X 9

L o b6 )A€ () (6 ) — ol o)

+ 4 )lm(E,tl)ﬁ(f)dﬁ(ﬁ)[w(ﬁ,tz) — p(t1, 12)]

2 D\t

— Bl-f—Bg.
5 B, i FRBA RN —HRER, EETHE
1 1 E-t . _
b= 3, (e edolete ) - ot )

e

- %]:?(Dmm) 1 ( Sl i(€)do(£)w(€,12) — ‘P(tl,tz)]) ,

W+l {6 - 'l‘!‘lm-k1

B¥ ¢ € H(Q x D, 8), Bk |@(€,12) — ot 1) < J7|€ — #1)°. Fscwk [7) —#
WA RIS, IERFEEN. ME_IAESI—ENES, FUEERFER.

Xt By, B

| Be|

|

3, gy o (6 AET (6, 12) = (1, )

IA

§[ o (6 0 1E) Ao (€6, 1) = ot )

m

] ; -
9 — J|g — yl-tm+)ge
b 2T I = ]l — b wldo()

=1

IA

1 1

= 2 3(DL\U1]2J1 (m)JaJs € — ulmt! b = uldo(€)
1
= Jl(m)J4J5./(‘;[D1\U1) ,6 _ u|m+1 Itl — u]da(f),

XE, JaRotQxQ EERKE, J=) k4.
j=1



80 FEX: Clifford }4iP BB ER RS FAEE

hCHR [24) &1, XABSRTRY, BT, B ZFEN.
stk I~ 3(Pp— ¢).

R, WAERE, [ BEEXH, X i‘(PﬂP —p).
FiE, Ity Cauchy Z{EBEHES.

BB £, t ROagER Uh), U(te), B U(t) ReTE—#%R, U) £
pmY e d(D,\Uy) B, WR [n—1tz] > J5'ln—v|, Js IEEHER, iD

(B(D, NTL)) x (B(Da NUZ)) = iy X Qo
(O(Dy \ Uh)) x (0(D2\ Us)) = Qya X Qp,
(6(D1 M Ul)) X (3(D2 \ Uz)) = Q“ X Qgg,

(O(Dh \ Uh)) x (8(D2 N Uy)) = Q2 x Oy,

MK Q) X 0y =1 X Qgy + Qg X Qo + Qyy X Qga + 45 % 2y,
B, 1,(Q xQ2) = Li(Qy) x Qo1 )+ L4 (2)2 X Qog) + L4 (Q2 X Qo) + 14 (£2) X 259).

#F QX Qo A—HFER, B3 [7) 8 [9(€n)| < Tl — 4|3 |n—t2)2. F13C [7]
HREE 2 —E#ERiTIR TR Cauchy HEEFER. B

Li(Q x Q) = / Ln(€, 81)T(E)da (§) (€, m)da(m)ii(n)l(n, t2).

211 %02,

jﬁ 14(912 X 022) ﬁ

’,...._



hEEA¥ N ENIRX

81

| I (Q2 X $222))|

< |m (€, t)7(€)do (£)¥(€, mydo (n)7i(n)lx(n, 12)]

12 x a2

< I (€, t1)|da(€) (&, m)|da(n)|lk(n, t2)

Q2 xS1a2

<[ BmAE) - ul 16—t e - uf T

j:l

k . :
- sup (&, nlta—v| X |n— ta| | — v[F~E+Dda(£)do(n)
(&, E( x22) j=t

m k '
<HmIES A H [ [e—ulmm D]y - y| kY
i=1  j=1 )2 X222

[ty — ul[t2 — v|da(£)do(n)

< Ji (m)Jl(k)JsJG/ € — u|‘(m+')|n — |~ k+D)

Qa2 x2a
[t = uflts — v|do(€)da(n),
m B k .
XE, L= J, )= J NEEK. LEOBESREES, FUE
1=1

=1

(S x Q)| = [ (€, 1)(E)d(€)0(E, n)doln)ialn)is(n, ).

12222

W XBEHE A, X Ly(9 X Qo1) F1 1, (1 X Qgg), BITHIFIRE Sy —A BT

B (€, n)| < J7|é —t1|° Br
L1 x Q)| < /Q (&, 0)(E) A€ (&, Mo )il (n, )

< oo (& £2) o (€) €, m)ldor )i, )



82 FFEX.  Clifford 4P RR RS LK

< W&y 0 1) ldo(€)don)

11 XNg2 if - tl]m

(& )]
* sl = a0 2 (€)d )

J1 _ o~ (E+D)
< ./r‘zu[{-tllm*’dg{&v/f;m'}i(kmz v|Jsn — u| ¥ do(n)

e S—do(@) [ A(K)lta — vl Jeln — u " do(n)

£y )™

i3 [24) i3z [7) WL R BAEER, B
1y X Qgo) = [ Ln (€, 8)R(E)do ()Y€, nydo(m)i{n)l(n, ta).

11 x gy

g FER, Iy &y Cauchy TEBAEN. MAKESEMEY x(t, t).
g1 BB (7.5) 19 Cauchy EHBHEN, ¥

1 1
"“Z*’F{ti: t?) + X(th t?) + Z(PZCP e P?Qg)'

iEEE .

§7.3 THREXIR EIERFEER Plemelj A

73 O, Q MM ERYERER Dy, Do AR W6 ), Il 1), kiny),
Jk(??: tﬁ} ﬁﬂ—tr (p(ga 77) S H(ﬂl X Qﬂh 3)3 (I‘, y}ggl X 923 -ﬁ- (fo('gu T‘) ﬁ Ql X Q‘l -tﬁ{];ﬁ

R, W
lim xgrv, y) = x(t,t2), (t1,t2) € O x Oy,

{24)—(t1,t2

XH,
X@y) = [ bnl&, DO OBE DAY, (7.10)

§ X {¥

Y&, n) = pl&,n) — w(€, ta) — e(ti, n) + o1, £2).
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8
x(z,y) — x(t1, )

I

[ e 2)(€)do (€, o mAmia(n, v)

[ &8O €€ M), )

[ lhn(6,2) = (&, (N (E, o (e 12
+ /ﬂlm [l (€, T) = L (&, 1)]7(E)do (€ (€, m)do (MT(n) Ik (n, ) — I(n, t2)]

+ I (€, £1)T(€)do (E)Y(€, mydo (M)A, ¥) — Lx(n, t2)]

Qixﬂg

- Ll + L2 -+ L3.
RNEER, RFIRiTie L B, F Lo, L3, Fatie I BA L, X4

Li= [ lln(62) = bnl€, 0] do €)0(E n)da (A (0, t2)

£RER 7.2 —REBUEER U(ty),U(te), HReE® 7.2 —HBERE O x Oy 4R 4 &
4, NBRE

L[(QI X Qg) = Ll (Qll X le) + Ll(Qm X Qgg)

(7.11)
+L1(Qll X Qgg) + Ll(Q“ X le).
% Ly (1 X 1), BEH 1 (6,3) — In(,11) = o (Tf E;(Eﬂ " _g_;jr}rm) '

HERE 7.2 fSCRR (23] WEE 3 A, 4 (z,¥) = (b, 12) 8, Li(Q x Q) = 0.
SHF L1(Q12 X Q), &
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FFEX:  Clifford b B} & R RS R 5

|Ly Q12 X Qag2)| = lfn L (£, ) = Ln (&, 2)]7(E)do (E)Y(E, m)da (n)Ti(n)lk(n, t2)|

12 KQEE[

= ./nmxnn‘]l(m)Jl(k) i € — z|79|€ — t, Vg — iy (€, )]

j=1

k -
3" = ta| P — o — vldo(§)do ().

j=1

e 7.2 —fnitie@al

d d
|L1(Q12 x Q2)| < |z — 1] Js /;mmﬂ T: ___iﬁr)nﬂ e _05324.1: (7.12)

ﬁa Jg = J4J5J6J1 (m)J1 (k) %JIE#&

HTJ-:

7.

AR FEHOEASRTEY, Hi, SHEM (4,12) € 4 X o, 4 (z,y) = (81, 12)
Ll(ng X Qgg) — 0.

TEIF® Li(Qn X Qo2), Li(Qi2 x Q21), BIILFRE PR —TET, F—4HREIA]

Li(he X Qzl)

fnn (€, 2) — (€, 8)]R(E)da(€)B(E, n)da ()i(n)ik(n, t2)

/nmmm Um €, T) — I (€, 81)]A(E)do(§)w (&, n)da(n)7i(n) P

w—

[ ltn(69) = bl IR EY(E o ()

= Bl — B21
ek, {L1(Qi2 X Qg1)| < By + | Bal.

m3X (7] &, W) < Jrln—t)°, BF, A

4
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B <[ kel n) ~ (6 )REOVE o))

do(£) do(n)
= /;!11 z = tilJsJi(m) |€ — 2y|m+! Jag & (7 — ta|®—s’

UL, % (5,9) - (6,82) B, B 0.
d
W15 < [ b S s el [, e B

£ |m+1({’:ﬂ)€91 XLy 21 In — UI

% (z,y) = (b,82) B, |B) = 0. B, Li{Qz X Q2) > 0.

AT, % (r,y) = (b,t2) B, Li{(Qu x Q2) = 0. TA, (z,y)l_ipl(?l,tz))f(x’y) =
x(t1,t2). AEEE .

2 D} = D;, (i = 1,2), Dy = R™*'\ Dy, D; = R**'\ Dy. & (z,y) A
D¥ x DE BT (t,t) € @ x Qo , M (z,9) = (@, ). 4 (z,y9) - (&7, 8) H,
Cauchy B4 (7.4) MBRESTRRERE OE5 (6, 1) , RITRBE T IR L DUE N K
i Plemelj 242,

P74 # D, D, HH LM, BT P, P, P A9 REEER, (7.4) X4

p(&,m) € H( xSz, 8), B o(€,n) & Q1 x Qo EHEREBH, W (£, 1) € h x Qo
H

™

|
D+ (1, ta) = Zlp(tr, t2) + Pio + P + Pag]

1
(1, ta) = Fl=pltn t2) — Prp + Pap + Pay]
- (7.13)
1
®~F(th,t2) = &["‘P(tl:t?) + Prp — Pap + P

L 1
&= (t,, 1) = Z[:p(tl, t2) — Pip — Pop + Py

y

if8y %5 Cauchy B4 (7.4) ¥
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B(z,y) =x(@¥)+ [ (& 2)AE)do(©Op(tr t2)da )Mk, y)
+f L (&, T)A(E)do (€) (&, ta) — @b, t2)lda (m)A(n) (7, y)

+ /’ o m (& T)R(E)do (€)p(t1, 1) — (b1, t2)ldo(m)Ti(n)lk(n, y)-
B 7.2, T 7.3 5

1
Xt t2) = xTE (b 1) = x(b, t) = Jlo — Prp — Pap + Pay].
B okt [24) PR EE 3.3, B 3.4 Y EME Cauchy Mo AXTHLARRL.
iEEE .
Wit 7.1 R b, W

(I’++(t1, tg) — Pt (tl,tg) ~ ‘I)__!-(tl,tg) -+ (I’__(tl, tg) = @(tl,tz)

QtH(ty,tp) — DY (t,t2) + @~ (t, t2) — 7 (41, t2) = Py
> . (7.14)

OtF(ty,19) + T (41, t2) — P7H(Eh, t2) — 7 (f1, 82) = Pay

OFH(t,t) + 2T (0, 02) + PTH (81, t2) + @701 02) = Py |

WEBA B, fied 4 W+ ATFELEHTE. AR



g/\# % Clifford ShatBIENRK

X RAE R A.(R) #7% Clifford REZHE, HLTFU LEEPH A, A A(C)
%= Clifford 3z, & Cliffford R¥rzmm % Clifford REZEMMHR, AR
BESEEE. % Clifford 4 EFRAEREZENE R 3] A(R) BHBE¥EESS .
% Clifford HHEFREAZE BRI C* 3] A, (C) WRFBEFESX. X Clifford
A# F. Sommen, J. Ryan Z AT i#£ T, 9 T EENREIEN TH Clifford R¥F
#—4 Lie BAEA FRAEH, #FEAMERARNREZMELARN. ¥ [25](26][27) B3
THIERN RS DB ENRESEAMRHGRER.

Jp4ESE Clifford 40 3ei iE U B N H TR kTR —, W. Hengartner
#l H. Lentwiler B3 T R’ g8 iE N k¥, # Clifford PR PERH T H—F WK
B, H.Leutwiler 7£3x [28][29] @R T H AR, HRENREE T HMEEHRIER.

A B T30k [30) 23k [26) BB &, B3 T X Clifford 24 IENBIEFHr%
e, & XTXH Clifford S4r-PRyBIENRY, FHRTHETHHE, R THE Clifford 247
iy R IE MR g5 3 Clifford SMT ey REAIK R, M T X [30] Fi3c [26] w945 R.

§8.1 FI&EANRA

% Clifford {03 A,(C) 8255% Clifford ft3 A, (R) —, SRERBAEH,
B TEAMITREAR == %CEAGA, ays €C.

& Clifford AHHRER [ : D C C™ — A, (C), f(z)= %fA(Z)eA:
fa(z): D C C"!' — C(n+1 EHEFRY), BER 2 = 20+ 2161 + -+ + 2ne.

H Dirac B FEBEWMT: 8 f: D — A,(C), MEX

87



88 i 5% Clifford ¥ EH & R R F0AE(EE

01(z) = 3 es%el = 3 e Hen

0f(z)

{
t:
S
N
=

9fa(z) _ 18falx) i 0fa(2)
B;j _.2 ij 2 8yj .

K+

KHEHHE, UTEE Au(R) (An(C)) FRI—FXGER M —Fro .

# X —FtiER 1 ALR) > AR T &z = 2 Ta€A, W = ;u(-—l)"’%m
K |A] BARE A FTREME. —HAE: ® 7€ A(R), T = Y Taa, xR
T =0b+cen, b, c € A,_1(R), B XFHBLE

P, Q:An(R) > As_(R): Pz=b Qz=c

Pz = Z TAEA, Q:I-' — Z mAeA\{n}-
n¢ A ncA

BREF

eh =eo =1, €y = (—1)4ey,
(zw) = 2w, V z,we Ay(R).

73 Clifford 2473 ABIER Dirac BT (Mf)(z) = (0f)(z) + 22 Q f(z), K+
Qf =(Qf). £ A& D\{z|z, =0} LE Mf =0, W 7 D EHNBERN
R

% [ D LRABENRY. XREREN (REEEARTRe,i=1,---, n HEK
SH¥E% 0), ik f X H AM.
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i E N EBEE ENEREAR— g, BRAEER MESEME T AEXHT

§8.2 HIEMIFH

2w 81 ADRERCY hygy—4pRE,, f:D— A(c) B D LH—FT2HRY
(f(z) BAREBELHEY), [(2) = % fa(2)es, fa(z) = ua(z) +iva(z), EX T4
ze DK

5f(z) =Y ¢ agzz) = 0, (8.1)
3=0 Y
QI f(z) & D LAHENEY, Heb 2 iz) 1 agf ) _ %-ag;) m_E B .
7 ) 7

238 8.1 m¥ f(2) B—1EER Clifford &, ERELH, EIH> 57X Chfford
B¥ u(z),v(2), W f(z2) = u(z) +iv(z) BEXIENRBRIFEH HERMGH

Ozu(z) + Ov(z) = 0, (8.2
3,0( |

O,u(z) — 0,v(z) = 0.

WA 2 z; = x; + 1y, B

du(z) _ 10u(z) 10u(z) Ov(z) 10v(z) idu(z)

—

[ S—

7 0f(2) Oy ) (2)]
— n (2 e ulz) + wiz
0/ (z) §=0 206 g, 0z; ; 07;
_on Ou(z) & Ov(z)
;§0 ©i 62:3; T ; K 523



90 FEX: Clifford 431 BB 8RR F AR EIE

I

5o )

1 {& Ouf b Ou(z2) =
E(Zej oz, ~1) ej——" oy, -HZeJ 8:1:5

j=o j=0 j=0

il

n Ou(z) | ¢ Oulz) [ & Qu(z) < Ou(z)
(Z ° Bz; ;Uej dy; )—_ (Z{:}EJ dy; #Zej Oz, )

1

T2 (gwu(z) + 3!:”(’5)) - % (Eyu(z) N 5"’”(2)) ’

W f(2) AEENRFHFTESBE&KMAY (8.2) AR EE .
HERIBATHEEWREYHRERNBRBANO A LBEAMN, AWk Clifford
EP 5 Clifford RYEB R Rk, LR LERHE Dirac RF#H—F T BER, ELTH
¥R Cauchy — Riemann F.
Bl LA IE N R —#E, RATTLL A IENRES Dirac A8 XEBIERNKE, TLA
182 3 (E N R 3y 7e o i B R A

§8.3 S BIENIRY

EmMEEmBE =2+ 163+ -+ Tpey ARENBRY—F, HHER 2z = 2p + 2161 +
ot 2pen HARFIENRE, MEFHAIENRE (MTWHREBENHE). UTRMNGI
AEBEIES Dirac §F M

(Mf)(z) = (BF)(

n—

ESG

f(2)

= (0f)(2) + Q'S ().

H 3Rk (28] i,
(Mf)es) = M(fes),

oM 0
sz 3z_,
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£W 82 4 DR C'' m—AFFTFR, MRETR D\ {zlz, = 0} L, B¥%
f(z) € A (C) R

(8.3)

Mf(z) =0,

WY f(z) Wik D LRERIEN B
wis 8.1 A DRCY W—AFTFE, f:D— A(2) REENEYE, U f(2)

B3 B IE R

i T
M,

M,

(8.4)

——
e —

®& 82 4 DEC™ d¥—1FFR [:D— A(C) BREBENRE, W

01(z) 01(2) 0f(2) o pn i mimay
Oz; * Ox; ' Oy

8 B f(z) BEBENEY, & Mf(z) =0

BriA
g - 2

0f(z) 8f(z) 8f(z)
0z; ' Oz; ' Oy

B A

HETBENER. U .

= 83 HMWSf:D— A(C) BENEFENRBEY TN LB KM N
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FFEX:  Clifford -3 EB & R R L E)HE

|
(=

Mgu(z) + Myv(z)
Myu(z) — Myu(z)

(8.5)

|
[=

XE M., M, H (8.4) R&AH.

iE8q

I

M f(z)

|

H

n-—1
EME

(@ — iyn) (Q'ulz) +1Q'v(2))

%Ezu(z) - %—am(z) - $Byu(z) - 53,0(2) + 7 2aQu(z)

|zn'2

(Myu(z) + Myo(2)) — i (Myu(z) — Mzu(2)),

B f(z) AERENRES RS LERGR (8.5) AL, .
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X 83 mE Mf(z)=0, B f(z) = ¥ fi(2)ej, W f(z) migs H 5.

- j‘;

Bz = iﬂ zie; B—1% H Bl
i=

-

(1) H et REEENRBYEZRTR

Bl f:DCC" — A(C), f(z) =2z1me1e3+ (212 — 29%)eges, W f(z) AFHAIE
niRY, HARE H Bk
N (2) HBENEFREGEENRHA—EREAEN&H; HAWE H ARL—ER
H 3, £ER—ER2TEIENRE.

W f1(2) =(2—n)zg+ zpey, fo(z) = (2 —n)zie, + 2ne, AW H BE, HEH
A& H B, wAREHEENREK

HRERGaEEREN SR B ENRPMHETE LN R ? H AWKk H AW
2 H B8W? DT EEE RS T X .

®% 84 A4 DRECY fhiy—4HFR, f:D-— A(C) REMENES, N
fH F(2) = f(2)z REBENREY S LEEEY f(2) B—1¥ H Am
HTIEHEE 8.4, BI1ELLH A TESH.

338 8.1 (1) z € Au(R) B—rifEs Clifford %, B z = 3 zes, % HAL

=0

i e;xe; = (1 —n)x.
j=0
(2) 2 € An(C) B—4% B {ER Clifford $04 BT _ﬁu e;ze; = (1 — n)z.
j:

FH L =Y e, W

1=0



94 FFEX%. Clifford ¥R & R R FAERE

n ! n n n
Z €;TE; = Z Ej(z a:,-e,-)ej = Z ZI,‘EjE,‘Ej — (1 — R)ﬂ’a”.
3=0 3=0

i=0 §=0i=0

R2Z. iz = %E:EAEA w2 f:oejmej = (1-n)z’, BIFWVHEERN A = {il,?:g, o, g |A! =
j:

k>2} # za =0 HEEE
Zej(zxAﬁA)ﬁj (1 _”)ZiEA(-l)IAIeA
A

=0

EREWRS E e,(Z:cAeA)eJ ZIAGJEAGJ Em(il)m, Heip '+ T R,
Frd % | Aj > 2 B, %ﬂmé@xﬂa—*ﬁdw? (n — 1)|a:,4| x4 (1 - n)E:rA( 1)4le 4 3¢

= (i1, 2, , i)k > 2} H es RHWALIHEET (n — 1)|z4l, muj:%s—ﬁﬁmm—ﬁ
Hx,=0.1)EE. (2) & (1) BH. EEE.

3/ 8.2 & z,y € Ax(R) (& Anlc)), P, Q HBEHET, N
(Pz) = P(z'), (0z)'=-Q(z"),
P(zy) = (Pz)Py + Q(2)Q(y), Q(zy) = (Pz)Qy + Qy)P(y).
EH EREAT P, Q X

z = Pz + (Qz)en; y = Py + (Qu)en,

HRAWEHARL. XHEK

zy = (Pz+(Qz)en)(Py+ (Qy)en)

(Pz)(Py) + (Px)(Qylen + (Qz)en Py + (Qx)en(Qy)en

(Pz)(Py) + (Qz)(QY' + [(Px)Qy + (Qz)(PY') e,

I

s

A
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AEERA MR, .
2@ 83 & D C R*., f.g:D — A.(R), *F&" z; §IRBHMAFE, WA

QAN
— —~ n g
d(fg) = (0f)g+ Z ejf‘é’;-
§=0 j

iF8 & f=§3«'A€A= 92%1”363, il

fg) = X ej%l

i
g
P
N

®
&)E
a2
uu
®
NN
®
vl

n

3
jgﬂ €; JZ’,‘B 6,463[5%?3}3 + T %%f-]

{

T

p By
Zﬁjz&iﬁaiyaﬂﬂ"rzﬁjzxﬁ,dz3_363
j=0 ~ A" B i A B

!

I

(0f)g + Eﬂ Ejfgi:-
J:

iEEE.
£ 8.4 AirBH

MFze DCCV oK



96

FFEX:.  Clifford ¥ i & R RS- FHLEREE

B,

XHE

(zo + 11g) + (z1 + iy)er + - + (zn + tyn)en

(xo + z1€1 + -+ + ZTpep) + 2{Yo + Y1€1 + *+ + + Ynln)

T + 1y,

I

i

I

{

[l

);fJ(Z)EJ
Yuy(z)es +13 vs(2)ey
7 7

u(z) + w(z),

f(2)z
(u + ) (x + 1Y)
(ux — vy) + vz + uy)

U(z) + iV (=z),

U(Z) = u(z)z —v(2)y, V(Z)=v(2)z +u(2)y.
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pERHE XML
HE|EE 82 F
Q' (uz) = [(Pu)Qz + (Qu)P(z')]

I}

(Pu)z, + (Qu)P(z")]

P'(u)z, + Q' (u)P(z)

P'(u)z, + @ (u){z — zpen)

P'(u)z, + @' (u)r — Q' (u)zpen,

Q'(vy) = P'(v)yp+ Q' W)y — Q'(v)ynen.
XH3|%E 83 &
Mg(uz) = 19.(uz)+ 5 Tn Q) (uz)

]

I

(30.u)z + : ,§g ejue;
+‘;';_,:TH$§P'(U) — 220 (u)e,) !%f!iz:rnQ’(u):r

—_ Lt
(30:u)T + . Q' (u)r + & Zo ejue;
J=

TR P (u) — 220 (w)e,)



08 FFEX:. Clifford 4$1P WH &R R 5 2 (A (0] 8

30z + 23 2a.Q' (W) + 3 Jz €jue;

+ 2422 P! (1) — 702Q (w)enl

(Mzu)z +

I\:ll—‘

|

é ue; + |—~—|§[:nn2P'(u) ~ Z,2Q' (u)e,),

Mi(vy) = 50:(vy) + Epza@'(vy)
= (30:0)y + Ep@n [P(v)yn + Q'(v)y — Q' (v)ynen]
= (30: + FpzaQ) (v)y
+ 520 P (V)yn — 22Q' (v)ynen]
= (Mav)y + L (2a P (v)yn — 20 Q' (v)ynen].
RIE, &
My(vz) = (Myv)z + 2 [ynP'(v) 20 — ynQ'(v)z0en),
My(uy) = (Myw)y+} 3, eue; + PAUAP (u) - Q (Wenyd)
B LA

MU + MV = M, (uz — vy) + M, (vz + uy)

= M, (uz) — Mz(vy) + M,(vz) + M, (uy)

A



chERHE AR

T
= (Myu)z + % | ﬁejuej + T’;n;l}r[:rfP’(u) — z,2Q (u)ey,)
J:

~(Mov)y = 25 (2a P (0)yn — Tn@ (V) Ynes)
+(Myv)z + plynP'(v)2s — Yo Q' (v)Zre)

HMyu)y +§ 35 esues + Ehln®P'(0) = 0°Q ()en)
= (M,u + Myv)x + (Myu — Mzv)y + )E €5 UE;
71=0

+ =5 [[2a 2P (1) — |20 @ (w)en].

By f(z) BEEEENSRY, BEEE83, d (84) X, A

MU + M,V

{

(n -_ 1)[Pf(u) — Q’(u)en] -+ ;éu €;Uue;

|

(n = DIPW) + Q)enl + X ejue;

|

n
(n— 1)u' + j;u e;ue;,

A A

MU — M,V = My(uz — vy) — M, (vz + uy)
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FFEX:  Clifford 54k Bl & R R T ER) S

= M, (uz) — M,(vy) — M (vz) — M.(uy) <

n
=(n—1)v' + 3 e;vey,

§=0

TEHEHE 8.3, 58 8.1 &

F(2) R 508 W oK 4.
(
MU(GZ) + M,V(z) = 0
— ¢ (2) yV(2)
; MU(z) = M;V(z) = 0
r (n— Du' + Zn: ejue; = 0
e { 7=0
(n—1)v' + Y ejve;, = 0
\ =0

<= u, v5r FEEmE R {H.
< f()R—IEHRHE, XERS(2)REBENRE.
= fR)IE— 1P HHEW.

L k™

" 1
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