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jgdy~{ob
(_pc�u|vmw`�ema)ÆT+D�+���P,	h 10 ��q�isf��rlxk}z.1. P169, Ex1�t�(1 )  x f �)�!��2Q.-L��"*VY2b�y4 α1 = (x1, x2, x3, x4)

T , α2 = (z1, z2, z3, z4)
T , k1, k2 ∈ K�

f(k1α1 + k2α2, β)

= (k1x1 + k2z1)y1 + (k1x2 + k2z2)y2 + (k1x3 + k2z3)y3 − (k1x4 + k2z4)y4

= (k1x1y1 + k1x2y2 + k1x3y3 − k1x4y4) + (k2z1y1 + k2z2y2 + k2z3y3 − k2z4y4)

= k1(x1y1 + x2y2 + x3y3 − x4y4) + k2(z1y1 + z2y2 + z3y3 − z4y4)

= k1f(α1, β) + k2f(α2, β)��2 f � K4 }!
"*<��
(2 ) OQG�

f(εi, εi) = 1, i = 1, 2, 3�
f(ε4, ε4) = −1�
f(εi, εj) = 0, i 6= j, ∀i, j = 1, 2, 3, 4.��2FB ε1, ε2, ε3, ε4 N�!'aWI��













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1













�
(3 ) ;@ f FB ε1, ε2, ε3, ε4 N�!'aWI�eRWI��2 f F K4}!\2�>2&� 0�/V��f �.�?!�
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(4 ) ;@ f FB ε1, ε2, ε3, ε4 N�!'aWI�)�WI��2 f �)�!�
(5 ) w α = (1, 0, 0, 1)T�{3G��f(α, α) = 0� �xk}z.2. P169, Ex2�t�QLk\2��]YLk>2�w V !01B α1, α2, ..., αn�f FH1B�!'aWI� A�G rankmf =

rankA�y4! α ∈ V�� α FB α1, α2, ..., αn N�!^
� X�G
α ∈ radLV ⇔ f(α, β) = 0�)y4! β ∈ V

⇔ X ′AY = 0�)y4! Y ∈ F n

⇔ X ′Aεi = 0�i = 1, 2, ..., n

⇔ X ′A(ε1, ε2, ..., ε2) = 0

⇔ X ′AI = 0

⇔ X ′A = 0

⇔ A′X = 0

⇔ X �@s�"*-�[ A′X = 0 !SZL��2 radLV ∼= s�"*-�[ A′X = 0 !SZL��*
dimradLV = dimV − rankA′ = dimV − rankA = dimV − rankmf� �xk}z.3. P169, Ex3�t�(1 ) ;@ f � V }!
"*<���2 αL ∈ V ∗�� V }!"*<��ty4! α, γ ∈ V 2Dy4! β ∈ V, k ∈ F�&=
(α + γ)L(β) = f(α + γ, β) = f(α, β) + f(γ, β) = αL(β) + γL(β)�
(kα)L(β) = f(kα, β) = kf(α, β) = k(αL(β)) = (kαL)(β)��2 (α + γ)L = αL + γL�(kα)L = k(αL)��*
Lf (α + γ) = (α + γ)L = αL + γL = Lf (α) + Lf (γ)�
Lf (kα) = (kα)L = k(αL) = kLf (α)��2 Lf � V � V ∗ !"*9~��]Y2Lk�Rf : β 7→ βR � V � V ∗ !"*9~�

(2 )α ∈ KerLf ⇔ αL = 0

⇔ y4! β ∈ V�&= αL(β) = 0

⇔ y4! β ∈ V�&= f(α, β) = 0
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⇔ α ∈ radLV��2 KerLf = radLV��]Y2Lk�KerRf = radRV�
(3 ) ^:��3�2D Ex2 !Rd

dimKerLf + rankLf = dimV

dimKerRf + rankRf = dimV

dimradLV + rankmf = dimV

radLV = KerLf = KerRf























⇒ rankLf = rankmf = rankRf�
(4 ) 6� dimV = dimV ∗��2

Lf ��5 ⇔ KerLf = 0

⇔ radLV = 0

⇔ f �.�?!� �xk}z.4. P169, Ex4�t�.Lk f �.�?�Q.Lk�radLV = 0�y4! A ∈ radLV�G)y4! B ∈ Mn(F )�&= f(A, B) = tr(AB) =

0�H A = (aij)n�G)y4! 1 ≤ i, j ≤ n�WI�� Eij�&=
tr(AEij) = aji = 0�; i, j !y4*��2 A = 0�E radLV = 0� �xk}z.5. P169, Ex5�t�(1 ) 6� f �0�B C }!"*ZL V }!)�
"*<���2�F V !01B α1, α2, ..., αn�� f FH1B�!'aWI�:

(

Ir 0

0 0

)|9 r < n�Rd x�_�|9 r = n�w ξ = α1 + iα2�G
f(ξ, ξ) = f(α1 + iα2, α1 + iα2)

= f(α1, α1) + f(α1, iα2) + f(iα2, α1) + f(iα2, iα2)

= f(α1, α1) − f(α2, α2)

= 0�
(2 ) 6� f �.�?!��2�F01B α1, α2, ..., αn�� f FH1B�!'aWI�:I�
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w ξ = 1√
2
α1 + 1√

2
iα2, η = 1√

2
α1 − 1√

2
iα2�G

f(ξ, η) = f( 1√
2
α1 + 1√

2
iα2,

1√
2
α1 − 1√

2
iα2)

= 1√
2

1√
2
f(α1, α1) − 1√

2
i 1√

2
f(α1, α2) + 1√

2
i 1√

2
f(α2, α1) − 1√

2
i 1√

2
if(α2, α2)

= 1
2

+ 1
2

= 1�
f(ξ, ξ) = f( 1√

2
α1 + 1√

2
iα2,

1√
2
α1 + 1√

2
iα2)

= 0�
f(η, η) = f( 1√

2
α1 − 1√

2
iα2,

1√
2
α1 − 1√

2
iα2)

= 0� �xk}z.6. P169, Ex6�t�J� f � V }!%)�
"*<��Gy4! α, β ∈ V�&=
f(α, β) = −f(β, α)��*y4! α ∈ V�&=
f(α, α) = −f(α, α), 2f(α, α) = 0�?6� charF 6= 2��2 f(α, α) = 0�J�)y4! α ∈ V�&= f(α, α) = 0��*)y4! α, β ∈ V�&=
0 = f(α + β, α + β)

= f(α, α) + f(α, β) + f(β, α) + f(β, β)

= f(α, β) + f(β, α)��2 f(α, β) = −f(β, α)�f � V }!%)�
"*<�� �xk}z.7. P169, Ex7�t�OQ-L�
��0 ∈ W⊥�
∀α, β ∈ W⊥, k ∈ F�G)y4! γ ∈ W�&=

f(α, γ) = f(β, γ) = 0��2
f(α + β, γ) = f(α, γ) + f(β, γ) = 0, f(kα, γ) = kf(α, γ) = 0��2 α + β, kα ∈ W⊥��* W⊥ � V !XZL� �xk}z.8. P169, Ex8�t�(1 ) 6� W � V !XZL�w W !01B α1, ..., αm�Mr[�� V !01B α1, ..., αm, αm+1, ..., αn�J�FB α1, ..., αm, αm+1, ..., αn N�
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f !'aWI� A�lf)y4! α, β ∈ V�
α = (α1, ..., αm, αm+1, ..., αn)X, β = (α1, ..., αm, αm+1, ..., αn)Y�&=

f(α, β) = X ′AY�t;@ α1, ..., αm � W !B��2
α ∈ W⊥ ⇔ f(α, αi) = 0, i = 1, 2, ..., m

⇔ X ′Aεi = 0, i = 1, 2, ..., m

⇔ X ′A

(

Im

0

)

= 0

⇔ (A

(

Im

0

)

)′X = 0

⇔ X �@s�"*-�[ (A

(

Im

0

)

)′X = 0 SZL��2 W⊥ ∼= s�"*-�[ (A

(

Im

0

)

)′X = 0 SZL�?6� f �.�?!��2 A �YoWI��*
rank((A

(

Im

0

)

)′) = m��*s�"*-�[ (A

(

Im

0

)

)′X = 0 SZL!��� dimV − m��2 dimW + dimW⊥ = dimV�
(2 ) ;%5�(W⊥)⊥ = {α ∈ V |f(α, β) = 0, ∀β ∈ W⊥}�6� ∀γ ∈ W, ∀α ∈ W⊥�&= f(γ, α) = 0��2 γ ∈ (W⊥)⊥�W ⊆

(W⊥)⊥�?6� dimW+dimW⊥ = dimV = dimW⊥+dim(W⊥)⊥��2 dimW =

dim(W⊥)⊥��2 W = (W⊥)⊥� �xk}z.9. P175, Ex1n�{3-L�(α, β) � R2 }!
"*<��w R2 S!01B ε1, ε2�G (α, β) H1B�!'aWI�
(

1 −1

−1 4

)�
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�01)�K%WI��2 (α, β) � R2 }!01nC� �xk}z.10. P175, Ex2n�F Mn(R) S�w A = Eij , i 6= j�G A2 = EijEij = 0��* f(Eij, Eij) = tr(E2
ij) = 0��2 f ÆeZK%*�f Æ� Mn(R) }!nC� �xk}z.11. P175, Ex5n�w R[x]3 S01B 1, x, x2�)r���i�KN?�

β1 = 1�
β2 = x − (x,1)

(1,1)
· 1 = x�

β3 = x2 − (x2,1)
(1,1)

· 1 − (x2,x)
(x,x)

· x = x2 − 1
3
�M β1, β2, β3 ��?�

γ1 = 1
|β1|β1 = 1√

2
�

γ2 = 1
|β2|β2 =

√
6

2
x�

γ3 = 1
|β3|β3 = 3

√
10

4
x2 −

√
10
4
�

γ1, γ2, γ3 � R[x]3 !01
WKNB� �xk}z.12. P175, Ex6n��M α1, α2, α3 KN?�
β1 = α1�
β2 = α2 − (α2,β1)

(β1,β1)
β1 = α2�

β3 = α3 − (α3,β1)
(β1,β1)

β1 − (α3,β2)
(β2,β2)

β2 = α3 − 1
1
α1 − −2

10
α2

= α3 − α1 + 1
5
α2�EM�g��?�

γ1 = 1
|β1|β1 = α1�

γ2 = 1
|β2|β2 =

√
10

10
α2�

γ3 = 1
|β3|β3 = −

√
15
3

α1 +
√

15
15

α2 +
√

15
3

α3�
γ1, γ2, γ3 � V !0[
WKNB� �xk}z.13. P176, Ex7

6

  课后答案网 
www.hackshp.cn 



�t�6� η1, η2, η3 � V !01
WKNB�t η1, η2, η3 � β1, β2, β3!:(WI�
A =









2
3

2
3

1
3

−1
3

2
3

−2
3

2
3

−1
3

−2
3









�t
A′A =









2
3

2
3

1
3

−1
3

2
3

−2
3

2
3

−1
3

−2
3









′







2
3

2
3

1
3

−1
3

2
3

−2
3

2
3

−1
3

−2
3









= I��2WI A �KNWI��* β1, β2, β3 z� V !01
WKNB���/Y2OQG� (βi, βj) * �Rd� �xk}z.14. P176, Ex8n�(1 ) ;@ η1, η2, η3, η4, η5 � V !01
WKNB�t1M α1, α2, α3F
WKNB�!^
��2
(α1, α1) = 1 × 1 + 2 × 2 + (−1) × (−1) = 6�
(α2, α2) = 1 × 1 + (−1) × (−1) + 1 × 1 = 3�
(α3, α3) = 1 × 1 + (−1) × (−1) + 1 × 1 + 1 × 1 = 3�
(α1, α2) = (α2, α1) = 1× 0 + 0× 1 + 2× (−1) + 0× 1 + (−1)× 0 = −2�
(α1, α3) = (α3, α1) = 1 × 0 + 0 × 1 + 2 × (1) + 0 × 0 + (−1) × 1 = 1�
(α2, α3) = (α3, α2) = 0×0+1× (−1)+(−1)× (1)+1×0+0×1 = −2�M α1, α2, α3 ���i�KN?�
β1 = α1�
β2 = α2 − (α2,β1)

(β1,β1)
β1 = 1

3
α1 + α2�

β3 = α3 − (α3,β1)
(β1,β1)

β1 − (α3,β2)
(β2,β2)

β2 = 1
14

α1 + 5
7
α2 + α3�

β1, β2, β3 � V !01KNB� �xk}z.15. P176, Ex9n�ε1 =

(

1

0

)

, ε2 =

(

0

1

)
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� V !01B�/�
WnC!p�ZL R2 !
WKNB�; ε1, ε2 F VST)KN?� �
β1 = ε1�
β2 = ε2 − (ε2,β1)

(β1,β1)
β1 = ε2�E��?� 

γ1 = 1
|β1|β1 = β1 = ε1�

γ2 = 1
|β2|β2 = 1√

2
β2 = 1√

2
ε1�G γ1, γ2 � V !01
WKNB�

∀α ∈ V�� α = x1γ1 + x2γ2�%5
σ : V → R2, α 7→ x1ε1 + x2ε2�G{3-L�σ � V → R2 !p�ZL!�5���}�Q.-L�nC��EY�*V4�
WKNB��$a!nC"@�gF
WKNB�!^
)7/a�C!>�RdE x� �xk}z.16. P179, Ex1S�U � R4 !01 2 �XZL��2 U⊥ � 2 �!�?6� U =< α1, α2 >�α1, α2 � U !01B�yw β ∈ R4�G β ∈

U⊥ ⇔ (α1, β) = (α2, β) = 0�� β = (x1, x2, x3, x4)�G
(x1, x2, x3, x4) ∈ U⊥ ⇔

{

x1+ x2+ 2x3+ x4 = 0

x1+ − 2x4 = 0=B�S� β1 = (0,−2, 1, 0), β2 = (2,−3, 0, 1)��� U⊥ !01B�MrKN?� 
γ1 = (0,−2, 1, 0)�
γ2 = β2 − (β2,γ1)

(γ1,γ1)
γ1 = (2,−3, 0, 1) − 6

5
(0,−2, 1, 0) = (2,−3

5
,−6

5
, 1)�

γ1, γ2 � U⊥ !01KNB� �xk}z.17. P179, Ex2n�̂ :��7� dim < α > +dim < α >⊥= dimV�G=�
dim < α >⊥= n − 1� �xk}z.18. P179, Ex3
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�t�;%5 (U⊥)⊥ = {α ∈ V |(α, β) = 0, ∀β ∈ U⊥}�* ∀γ ∈ U, ∀β ∈ U⊥�&= (γ, β) = 0��2 U ⊆ (U⊥)⊥�E;��7��dimU +dimU⊥ = dimV�dim(U⊥)⊥+dimU⊥ = dimV��2 dimU = dim(U⊥)⊥��2 U = (U⊥)⊥� �xk}z.19. P179, Ex4�t�Fp�ZL Rn S�U � Rn !01XZL�G Rn = U ⊕ U⊥�w U !01B α1, ..., αm�U⊥ !01B β1, ..., βs�G m + s = n t
(βi, αj) = 0, i = 1, ..., s; j = 1, ..., m�2 β ′

1, ..., β
′
s �)$a5]WI A�G A !R� s��*s�"*-�[ AX = 0 !B�S�S; n − s = m 1S�?6� (βi, αj) = 0, i =

1, ..., s; j = 1, ..., m��2 Aαj = 0, j = 1, ..., m�E αj = 0, j = 1, ..., m �s�"*-�[ AX = 0 ! m 1"*�7!S��2 αj = 0, j = 1, ..., m �
AX = 0 !B�S���* U � AX = 0 !SZL� �xk}z.20. P179, Ex5�t�w U⊥ !01
WKNB ξ1, ξ2, ..., ξs�6� V = U ⊕ U⊥�t
(ηi, ξj) = 0, i = 1, 2, ..., m; j = 1, 2, ..., s��2 η1, ..., ηm, ξ1, ..., ξs � V !01
WKNB�

∀α ∈ V�G α =
m
∑

i=1

(α, ηi)ηi +
s
∑

j=1

(α, ξj)ξj�
m
∑

i=1

(α, ηi)ηi ∈ U ;
s
∑

j=1

(α, ξj)ξj ∈ U⊥��2 m
∑

i=1

(α, ηi)ηi � α F U }!KN�8� �xk}z.21. P179, Ex6n�M U !B γ1, γ2 T)
WKN?��KN?�
α1 = γ1�
α2 = γ2 − (γ2,α1)

(α1,α1)
α1 = (7

6
, 2

6
,−11

6
)���? �

η1 = 1
|α1|α1 = ( 1√

6
, 2√

6
, 1√

6
)�
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η2 = 1
|α2|α2 = ( 7√

174
, 2√

174
,− 11√

174
)�^: Ex5 !Rd�α F U }!KN�8�

α1 = (α, η1)η1 + (α, η2)η2 = (−23
29

,−48
29

,−26
29

)� �xk}z.22. P180, Ex7�t�w U !01
WKNB η1, η2, ..., ηm���[�� V !01
WKNB η1, ..., ηm, ηm+1, ..., ηn�G
α =

m
∑

i=1

(α, ηi)ηi +
n
∑

j=m+1

(α, ηj)ηj�
β =

m
∑

i=1

(β, ηi)ηi +
n
∑

j=m+1

(β, ηj)ηj�
Pα =

m
∑

i=1

(α, ηi)ηi�
Pβ =

m
∑

i=1

(β, ηi)ηi��*
(Pα, β) = (

m
∑

i=1

(α, ηi)ηi,
m
∑

i=1

(β, ηi)ηi +
n
∑

j=m+1

(β, ηj)ηj)

=
m
∑

i=1

(α, ηi)
n
∑

j=1

(β, ηj)(ηi, ηj)

=
m
∑

i=1

(α, ηi)
m
∑

i=1

(β, ηi)�
(α,Pβ) = (

m
∑

i=1

(α, ηi)ηi +
n
∑

j=m+1

(α, ηj)ηj ,
m
∑

i=1

(β, ηi)ηi)

=
n
∑

i=1

(α, ηi)
m
∑

j=1

(β, ηj)(ηi, ηj)

=
m
∑

i=1

(α, ηi)
m
∑

i=1

(β, ηi)��2 (Pα, β) = (α,Pβ)� �xk}z.23. P180, Ex8�t�;@ ε1, ..., εm� V !01
WKN$a[�H W =< ε1, ..., εm >�G
V = W ⊕ W⊥�t
∀α ∈ V��F�0! α1 ∈ W, α2 ∈ W⊥�� 
α = α1 + α2�α1 � α F W }!KN�8�
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^:46%]�|α|2 = |α1|2 + |α2|2 ≥ |α1|2�t"=�_ ⇔ α2 = 0 ⇔ α = α1�* α1 =
m
∑

i=1

(α, εi)εi�
|α1|2 =

m
∑

i=1

(α, εi)
2��2 m

∑

i=1

(α, εi)
2 ≤ |α|2�t"=�_ ⇔ α = α1 =

m
∑

i=1

(α, εi)εi� �xk}z.24. P180, Ex9n� R[x]4 � 4 �p�ZL�W =< 1 > � R[x]4 !01 1 �XZL�* R[x]4 = W⊕��2 W⊥ � 3 �!�t f(x) ∈ W⊥ ⇔
∫ 1

0
f(x)dx = 0�? f(x), g(x) ∈ R[x]4 !��Æ��G�g0%"*�7��2�g�bv W⊥ !B�Y2/�Xc f(x) = x + a, x2 + b, x3 + c !u(�?6 ∫ 1

0
(x + a)dx = 1

2
+ a,

∫ 1

0
(x2 + b)dx = 1

3
+ b,

∫ 1

0
(x3 + c)dx = 1

4
+ c��2 x − 1

2
, x2 − 1

3
, x3 − 1

4
∈ W⊥ � W⊥ !01B� �xk}z.25. P180, Ex10n� x dimW = n�t Eii�W !01
WKNB�H�6� (Eii, Eii) =

tr(EiiE
′
ii) = 1, i = 1, 2, ..., n�

(Eii, Ejj) = tr(EiiE
′
jj) = 0, i 6= j, i, j = 1, 2, ..., n�?6�F i 6= j ��

(Ekk, Eij) = tr(EkkE
′
ij) = tr(EkkEji)

=

{

tr(Eki) k = j

tr(0) k 6= j
= 0��2 i 6= j ��Eij ∈ W⊥�?6� (Eij , Eij) = tr(EijE

′
ij) = tr(Eii) = 1�*F i 6= k A j 6= l ��

(Eij, Ekl) = tr(EijE
′
kl) = tr(EijElk)

=

{

tr(Eik) j = l

tr(0) j 6= l
= 0��2 i 6= j ��{Eij |i 6= j, i, j = 1, 2, ..., n} � W⊥ 0[
WKN$a[��*� W⊥ 01
WKNB�

11

  课后答案网 
www.hackshp.cn 



�2 W⊥ = {(aij)|(aij) ∈ Mn(R)�aii = 0}� �xk}z.26. P182, Ex1�t�A ��nCZL V }!KN	@��2y4! α, β ∈ V�&=
(Aα,Aβ) = (α, β)�J� A =�JP λ�α ��@�JP λ !�J$a�G Aα = λα��* (α, α) = (Aα,Aα) = (λα, λα) = λ2(α, α)�t (α, α) > 0��2�λ2 = 1�λ = ±1� �xk}z.27. P183, Ex2�t�w < η >⊥ !01
WKNB η1, ..., ηn−1�G η, η1, ..., ηn−1 � V!01
WKNB�t ∀α, β ∈ V�Pα = (α, η)η, Pβ = (β, η)η�H�
(Aα,Aβ) = (α − 2Pα, β − 2Pβ)

= (α, β) − 2(pα, β) − 2(α,pβ) + 4(pα,pβ)

= (α, β) − 2(α, η)(η, β)− 2(β, η)(α, η) + 4(α, η)(β, η)(η, η)

= (α, β)��2 A �KN	@�G� A F
WKNB η, η1, ..., ηn−1 N�!WI�
Aη = η − 2Pη = −η

Aηi = ηi − 2Pηi = ηi, i = 1, 2, ..., n − 1��2 A F
WKNB η, η1, ..., ηn−1 N�!WI�
A =

(

−1 0

0 In−1

)�
|A| = −1��2 A �#+\'!� �xk}z.28. P183, Ex3�t�6� 1 � A !01�JP�t�@�JP 1 !�JXZL V1 �
n− 1 �!��2 V1 =
WKNB η1, ..., ηn−1�t (V1)

⊥ � 1 �!�w (V1)
⊥S!01��$a η�G η, η1, ..., ηn−1 � V !01
WKNB�H P � VF < η > }!KN�8�G

Pηi = 0, i = 1, 2, ..., n− 1, Pη = η�
Aηi = ηi = (I − 2P)ηi, i = 1, 2, ..., n− 1�
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* A � V }!KN	@��2
(Aη, ηi) = (Aη,Aηi) = (η, ηi) = 0, i = 1, 2, ..., n− 1��* Aη ∈< V1 >⊥=< η >��2 Aη = kη�?6�
(η, η) = (Aη,Aη) = (kη, kη) = k2(η, η)��2
k2 = 1�k = ±1�V4� η Æ��@�JP 1 !�J$a��2
k = −1��2
Aη = −η = (I − 2P)η��2 A = I− 2P�A �Uj,~	@� �xk}z.29. P183, Ex4�t�J� A � V }!KN	@��2)y4! α, β ∈ V�&=
(Aα,Aβ) = (α, β)��* ∀α ∈ V�=
|Aα|2 = (Aα,A) = (α, α) = |α|2��2 |Aα| = |α|�J� A � V �Y�!e!"*	@�t��$a�'Æ	�)y4!
α, β ∈ V�G
|Aα| = |α|; |Aβ| = |β|; |A(α + β)| = |(α + β)|�E
(Aα,Aα) = (α, α); (Aβ,Aβ) = (β, β);

(A(α + β),A(α + β)) = (α + β, α + β)�?;@
(A(α + β),A(α + β)) = (Aα + Aβ,Aα + Aβ)

= (Aα,Aα) + (Aα,Aβ) + (Aβ,Aα) + (Aβ,Aβ)

= (α, α) + 2(Aα,Aβ) + (β, β)�
(α + β, α + β) = (α, α) + 2(α, β) + (β, β)��2 (Aα,Aβ) = (α, β)�A � V }!KN	@� �xk}z.30. P183, Ex5�t�yw+�p�ZL!01
WKNB ε1, ε2�GKN	@ A F
ε1, ε2 �!WI�KNWI A��� A = (aij)�H
α =

(

a11

a21

)

; β =

(

a12

a22

)

∈ R2�G
α, β� R2S!
WKN$a[�/V��FqjOO^
�S�$ P (a11, a21)�
Q(a12, a22) F��C}�t OP, OQ !IO� π

2
�H
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−→
OP,

−→
OQ A X UK$!IO/�� θ, ϕ�G

(a11, a21) = (cos θ, sin θ); (a12, a22) = (cos ϕ, sinϕ)�t θ = ϕ + π
2
A ϕ =

θ + π
2
��*

(a12, a22) = (cos(θ + π
2
), sin(θ + π

2
)) = (− sin θ, cos θ) A

(a12, a22) = (cos(θ − π
2
), sin(θ − π

2
)) = (sin θ,− cos θ)��2

A =

(

cos θ − sin θ

sin θ cos θ

) A (

cos θ sin θ

sin θ − cos θ

)�
�xk}z.31. P183, Ex6�t�J�=Uj,~	@ A = (I− 2P)α = α− 2Pα�� Aα = β�E Pα = 1

2
(α − β)�GKN�8 P A α − β #7�w η = 1
|α−β|(α − β) = 1√

2−2(α,β)
(α − β)�
H P � V F < η > }!KN�8�G

Pα = (α, η)η = (α, 1√
2−2(α,β)

(α − β)) 1√
2−2(α,β)

(α − β)

= 1
2−2(α,β)

(α, α − β)(α − β) = 1
2
(α − β)�w A = I − 2P �7@�qj < η >⊥ !Uj,~	@�G

Aα = Iα − 2Pα = α − (α − β) = β� �xk}z.32. P183, Ex7�t�� A �01KNWI�F0�B}=�JP λ0�α ��@�JP
λ0 �J$a�G Aα = λ0α��2 (Aα)′ = (λ0α)′�E α∗A′ = λ0α

∗��2
α∗α = α∗A′Aα = λ0λ0α

∗α�|λ0| = 1��2 λ0 � 1 A −1 A cos θ ± i sin θ, θ ∈ R, 0 < θ < 2π� �xk}z.33. P183, Ex8�t�J��F V S!01
WKNB ε1, ..., εn�� A FH1B�!WI�)OWI D = diag{d1, ..., dn}�G Aεi = diεi, i = 1, 2, ..., n�
(Aεi, εj) = diδij, i, j = 1, 2, ..., n�y4! α, β ∈ V�Y�
α = x1ε1 + x2ε2 + ... + xnεn�
β = y1ε1 + y2ε2 + ... + ynεn�G
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(Aα, β) = (x1Aε1 + x2Aε2 + ... + xnAεn, y1ε1 + y2ε2 + ... + ynεn)

= x1d1y1 + x2d2y2 + ... + xndnyn�
(α,Aβ) = (x1ε1 + x2ε2 + ... + xnεn, y1Aε1 + y2Aε2 + ... + ynAεn)

= x1d1y1 + x2d2y2 + ... + xndnyn��2 A � V }!01)�	@�J� A � n �p�ZL V }!01)�	@�G�F
WKNB
ε1, ..., εn�� A FH1B�!WI�)�WI��2 A �F�JP��j) A !��T)8m�

n = 1 ��Rd x�_�J�) n − 1 �p�ZL}!)�	@ A��F01
WKNB�� �!WI�)OI�) n �p�ZL V�J� A � V }!01)�	@�G A =�JP�w A !01�JP λ1�
� η1 �)�	@ A !�@�JP λ1 !�'� 1!�J$a�G
V =< η1 > ⊕ < η1 >⊥�t < η1 >⊥ � n− 1 �!�|9 < η1 >⊥ � A !Æ	XZL�G A z� < η1 >⊥ }!)�	@�* < η1 >⊥ � n− 1 �!�;8mJ%��F < η1 >⊥ !
WKNB η2, ..., ηn�� A FH1B�!WI�)OWI��*w V =< η1 > ⊕ < η1 >⊥ !
WKNB η1, η2, ..., ηn�
A FH1B�!WI�)OWI��2�Q.Lk�< η1 >⊥ � A !Æ	XZL���}�β ∈< η1 >⊥⇔ (η1, β) = 0�*
∀α ∈< η1 >⊥�=
0 = (λ1η1, α) = (Aη1, α) = (η1,Aα)��2
Aα ∈< η1 >⊥�E < η1 >⊥ � A !Æ	XZL� �xk}z.34. P187, Ex2n��KN?�w
β1 = α1�
β2 = α2 − (α2,β1)

(β1,β1)
β1 =

(

1
2

+ 1
2
i

1
2

+ 1
2
i

)�E��?�w
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γ1 = 1
|β1|β1 =

(

1√
2

− 1√
2

)�
γ2 = 1

|β2|β2 =

(

1
2

+ 1
2
i

1
2

+ 1
2
i

)�
γ1, γ2 �A α1, α2 "K!
WKNB� �xk}z.35. P187, Ex4n�� 1 F<WI A = (a)�G A∗A = (aa) = (1)�aa = 1��2

a = cos θ + i sin θ, θ ∈ R �y4��� �xk}z.36. P187, Ex5�t��WI A �<WI�G A∗A = I��2 |A∗||A| = 1�*
|A∗| = |A| = |A|��2 | det A|2 = 1� �xk}z.37. P187, Ex6�t�� A �<ZL V }!01<	@�λ � A !01�JP�α ��@�JP λ !01�J$a�E
Aα = λα�;@ A �<	@��2
(α, α) = (Aα,Aα) = (λα, λα) = λλ(α, α)��2 λλ = 1�|λ| = 1� �xk}z.38. P187, Ex8�t�J� A �<ZL V }!01 Hermite 	@�yw V !01
WKNB ε1, ε2, ..., εn�A FH1B�!WI� A = (aij)�G
aij � Aεj �B ε1, ε2, ..., εn ��!# i 1/a�E
aij = (Aεj, εi), ∀1 ≤ i, j ≤ n�
aji � Aεi �B ε1, ε2, ..., εn ��!# j 1/a�E
aji = (Aεi, εj), ∀1 ≤ i, j ≤ n�?6� A � Hermite 	@��2
aij = (Aεj, εi) = (εj,Aεi) = (Aεi, εj) = aji, ∀1 ≤ i, j ≤ n��2 A � Hermite WI�J�<ZL V }!"*	@ A F
WKNB ε1, ε2, ..., εn N�!WI� Hermite WI A = (aij)�G
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aij = (Aεj, εi), ∀1 ≤ i, j ≤ n�
aji = (Aεi, εj) = aij , ∀1 ≤ i, j ≤ n�)y4! α, β ∈ V��
α = x1ε1 + x2ε2 + ... + xnεn�β = y1ε1 + y2ε2 + ... + ynεn�G
(Aα, β) = (x1Aε1 + x2Aε2 + ... + xnAεn, y1ε1 + y2ε2 + ... + ynεn)

= (x1, x2, ..., xn)















(Aε1, ε1) (Aε1, ε2) · · · (Aε1, εn)

(Aε2, ε1) (Aε2, ε2) · · · (Aε2, εn)
...

...
...

(Aεn, ε1) (Aεn, ε2) · · · (Aεn, εn)





























y1

y2

...

yn















= (x1, x2, ..., xn)A















y1

y2

...

yn















�
(α,Aβ) = (x1ε1 + x2ε2 + ... + xnεn, y1Aε1 + y2Aε2 + ... + ynAεn)

= (x1, x2, ..., xn)















(ε1,Aε1) (ε1,Aε2) · · · (ε1,Aεn)

(ε2,Aε1) (ε2,Aε2) · · · (ε2,Aεn)
...

...
...

(εn,Aε1) (εn,Aε2) · · · (εn,Aεn)





























y1

y2

...

yn















= (x1, x2, ..., xn)















(Aε1, ε1) (Aε2, ε1) · · · (Aεn, ε1)

(Aε1, ε2) (Aε2, ε2) · · · (Aεn, ε2)
...

...
...

(Aε1, εn) (Aε2, εn) · · · (Aεn, εn)





























y1

y2

...

yn















= (x1, x2, ..., xn)A′















y1

y2

...

yn















= (x1, x2, ..., xn)A∗















y1

y2

...

yn















�
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?6� A � Hermite WI��2 A = A∗��* (Aα, β) = (α,Aβ)��2 A �<ZL V }! Hermite 	@� �xk}z.39. P188, Ex9�t�� A �<ZL V }!01 Hermite 	@�λ � A !01�JP�η � A !�@�JP λ !01�J$a�E Aη = λη��2
λ(η, η) = (λη, η) = (Aη, η) = (η,Aη) = (η, λη) = λ(η, η)��*
λ = λ�λ ���� �xk}z.40. P191, Ex1�t�(1 ) f  x� R2 }!01
"*<��tFB
ε1 =

(

1

0

)

, ε2 =

(

0

1

) �!'aWI
A =

(

f(ε1, ε1) f(ε1, ε2)

f(ε2, ε1) f(ε2, ε2)

)

=

(

1 0

0 −1

)�01.�?WI�E f � R2 }!.�?
"*<���2 (R2, f) �01KG!KNZL�
(2,3 ) f FB ε1, ε2 N�!'aWI

A =

(

1 0

0 −1

)��2 ε1, ε2 � (R2, f) !01
WKNB�
(4 ) FB ε1, ε2 N��"*	@ T !WI� T��2

{

Tε1 =
√

2ε1 +ε2

Tε2 = ε1 +
√

2ε2y4! α, β ∈ R2��
α = x1ε1 + x2ε2, β = y1ε1 + y2ε2�G
Tα = (ε1, ε2)

(√
2 1

1
√

2

)(

x1

x2

)

=

(√
2x1 + x2

x1 +
√

2x2

)

,

Tβ = (ε1, ε2)

(√
2 1

1
√

2

)(

y1

y2

)

=

(√
2y1 + y2

y1 +
√

2y2

)��2
f(α, β) = x1y1 − x2y2�
f(Tα,Tβ) = (

√
2x1 + x2)(

√
2y1 + y2) − (x1 +

√
2x2)(y1 +

√
2y2)
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= x1y1 − x2y2��2 T ��KNZL (R2, f) !nCÆ	�T �KN	@�
(5 ) 6� T FB ε1, ε2 N�!WI�

T =

(√
2 1

1
√

2

)��2 T =`1�JP λ1 =
√

2 + 1, λ2 =
√

2 − 1�t{3v���@�JP λ1 =
√

2 + 1 !�=�J$a� α = k

(

1

1

)

, k 6= 0, k ∈ R��@�JP λ2 =
√

2 − 1 !�=�J$a� β = k

(

1

−1

)

, k 6= 0, k ∈ R�* x f(α, α) = 0, f(β, β) = 0��2 T !�J$a&�h$$a� �xk}z.41. P192, Ex2�t�� β = x1α1 +x2α2 + ...+xnαn�V4� α1, α2, ..., αn �KNB��2 f(β, αi) = xif(αi, αi), i = 1, 2, ..., n�;@ (V, f) �KG!��2Y2w α1, α2, ..., αn �.h$$a[�!KNB��*=
f(αi, αi) 6= 0, i = 1, 2, ..., n��2 xi = f(β,αi)

f(αi,αi)
�E3��_� �xk}z.42. P192, Ex3�t�6� (V, f)�=!�KG&ZL��2 f F&B ε1, ..., εr, ε−1, ..., ε−r�!'aWI�

A =

(

0 Ir

−Ir 0

)�)y4! α, β ∈ V�� α = (ε1, ..., εr, ε−1, ..., ε−r)X�β = (ε1, ..., εr, ε−1, ..., ε−r)Y�G
Bα = (ε1, ..., εr, ε−1, ..., ε−r)BX�Bβ = (ε1, ..., εr, ε−1, ..., ε−r)BY�
f(α, β) = X ′AY

f(Bα,Bβ) = (BX)′A(BY ) = X ′(B′AB)Y��2"*	@ B �&	@ ⇔ f(Bα,Bβ) = f(α, β)

⇔ X ′(B′AB)Y = X ′AY ⇔ B′AB = A� �
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