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“Access to wavelet theory has been limited because much of the
wavelet literature requires that the reader understand the mathematics
4¥1 Hilbert space theory %

R{B4F=E

of functional analysis iZ

=5

=]

——

E5 8

e

e

1 An Overview

“Wavelets” has been a very popular topic of conversations in many scien-
tific and engineering gatherings these days. Some view wavclets as a new basis
for representing functions, some consider it as a technique for time-frequency
analysis, and others think of it as a new mathematical subject. Of course, all
of them are right, since “wavelets” is a versatile tool with very rich mathe-
matical content and great potential for applications. However, as this subject
is still in the midst of rapid development, it is definitely too early to give a
unified presentation. The objective of this book is very modest: it is intended
to be used as a textbook for an introductory one-semester course on “wavelet
analysis” for upper-division undergraduate or beginning graduate mathemat-
ics and engineering students, and is also written for both mathematicians and
engineers who wish to learn about the subject. For the specialists, this volume
is suitable as complementary reading to the more advanced monographs, such
as the two volumes of Ondelettes et Opédrateurs by Yves Meyer, the edited
valume of Wavelets-A Tutorial in Theory and Applications in this series, and

ing CBMS volume by Ingrid Daubechies.

relet analysis is a relatively new subject and the approach and
n this book are somewhat different from that in the others, the
apter is to convey a general idea of what wavelet analysis is about
se what this book aims to cover.

ourier analysis to wavelet analysis
Let dle27) denote the collection of all measurable functions f defined
on the interval (0, 2r) with

f“ If(2)dz < oo.
U]

For the reader who is not familiar with the basic Lebesgue theory, the sacrifice
is very minimal by assuming that f is a piecewise continuous function. It will
always be assumed that functions in L*(0, 2r) are extended periodically to the
real line

R = (~00,0),

namely: f(z) = f(z — 2r) for all z. Hence, the collection L’{O 2?T) is often
called the space of 2r-periodic squarged able functions. That L*(0,2r) is
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a vector space can be verified very easily. Any f in L*(0,2n) has a Fourier
series representation:

flz)= z cne'™, (L1.1)

n=-oo

where the constants c,, called the Fourier coefficients of f, are defined by
1o )
e o0 —inz
Cn = 2#]:1 flr)e " dz. (1L.1.2)

The convergence of the series in (1.1.1) is in L?(0, 2x), meaning that

2

N
Z cae™*| dzr=0.

n=-M

2x
o

There are two distinct features in the Fourier series representation (1.1.1).
First, we mention that f is decomposed into a sum of infinitely many mutually
orthogonal components gn(z) := cae™*, where orthogonality means that

{@m.gn)* =0, forall m#mn, (i.i.B)

with the “inner product™ in (1.1.3) being defined by

(o gn)* = —f o (Z)gn(x)dz. (1.1.4)

That {1.1.3) holds is a conseguence of the important, yet simple fact that
wan(z) = €%, n=-,-1,01..., (1.1.5)

is an orthonormal (o.n.) basis of L*(0, 2x). The second distinct feature of the
Fourier series representation (1.1.1) is that the o.n. basis {w,} is generated by
“dilation™ of a single function

w(z) == *; (1.1.6)

that is, wn({z) = w{nz) for all integers n. This will be called integral dilation.
Let us summarize this remarkable fact by saying that every 2m-periodic
square-integrable function is generated by a “superposition” of integral dilations
of the basic function w(z) = P
We also remark that from the o.n. property of {w,}, the Fourier series
representation (1.1.1) also satisfies the so-called Parseval Identity:

= [ s = ¥ lel (117)

n=—o0

Charles K. Chuli, An Introduction to Waves, Academic Press,
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f(x) = fO(x) +
f1(x) +
2xf2(X) -
4xf3(x) +
f4(x)

fo(x) = 1;

f1(Xx) = sin(x);
f2(x) = cos(2x);
f3(x) = cos(3x);
f4(x) = sin(18x);




fo(x) = 1;

f1(x)_=/sIn(x);
f2(x) = cos(2x);
f3(X) = cos(3x);
f4(Xx) = sin(18x);
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Fourier analysis, based on analyzing global
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Detection of Breast Cancer
using Mammography
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High Risk of Breast Cancer

‘Evstimated new breast cancer cases and deaths In
omen by age, United States, 1999

Age In Situ
<30 100
30-39 1,400
40-49 9,000
50-59 10,000
60-69 8,500
70-79 8,200
80+ 2,700
Total 39,900

% Invasive
0.3 300
3.5 7,400
22.6 32,100
25.1 37,400
21.3 32,600
20.6 40,700
6.8 24,000

% Deaths
0.5 100
42 1,200
18.3 5,600
21.4 7,000
18.6 7,100
23.2 11,000
13.7 11,300

%
0.2
2.8

12.9
16.2
16.4
25.4
26.1

100.0 175,000 100.0 43,300 100.0

Due to rounding, percentages may not exactly total 100%.
American Cancer Society, Surveillance Research, 1999.




Expected survival rates for
women diaghosed with
breast cancer

m 85%0 five years after diagnosis
— 43% for leukemia
— 149% for lung cancer

m /1% after 10 years
m 57%0 after 15 years
m 52%0 after 20 years

Breast Cancer Facts & Figures 1999-2000
American Cancer Society
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A Wavelet-based Progressive Digital Image
Transmission Scheme
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Chin-Chen Chang,
Tzu-Chuen Lu
National Chung Cheng University
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